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LOI NOI DAU

B¢ Gido duc va Pao tao da ban hanh chwong trinh chuyén tin hoc cho cac
16p chuyén 10, 11, 12. Dia theo cdc chuyén dé chuyén sau trong chirong trinh
néi trén, cdc tdc gia bién soan bo sach chuyén tin hoc, bao gom cdc vin dé co
ban nhdt vé cau triic dir liéu, thudt todn va cai ddt chwong trinh.

Bé sach gom ba quyén, quyén 1, 2 va 3. Cau triic moi quyén bao gom: phan
Ii thuyét, gidi thiéu cdc khdi niém co ban, can thiét truc tiép, thuong ding nhdt;
phdn dp dung, trinh bay cdc bdi todn thuong gdp, cach gidi va cai dit chiong
trinh; cudi cing la cdc bai tdp. Cdc chuyén dé trong b sach dwege lwa chon mang
tinh hé théng tir co ban dén chuyén sau.

Vi trai nghiém nhiéu nam tham gia giang day, boi dwéng hoc sinh chuyén tin
hoc ciia cdc truong chuyén c6 truyén thong va uy tin, cdc tac gia da lya chon,
bién soan cdc noi dung co ban, thiét yéu nhdat ma minh da sir dung dé day hoc
véi mong muén bo sich phuc vu khéng chi cho gido vién va hoc sinh chuyén
PTTH ma ca cho giao vién, hoc sinh chuyén tin hoc THCS' lam tai liéu tham khao
cho viéc day va hoc cua minh.

Véi kinh nghiém nhiéu ndm tham gia boi dwedng hoc sinh, sinh vién tham gia
cdc ki thi hoc sinh giéi Quéc gia, Quoc té Hoi thi Tin hoc tré Todn quéc,
Olympiad Sinh vién Tin hoc Toan quéc, Ki thi ldp trinh vién Quéc té khu viee
Péng Nam A, cdc tic gia dd lya chon gidi thiéu cdc bai tdp, 1oi gidi c6 dinh
hwong phuc vu cho khong chi hoc sinh ma ca sinh vién lam tai liéu tham khdo
khi tham gia cac ki thi trén.

Lan dau tdp sach dwoc bién soan, thoi gian va trinh do co han ché nén chdc
chdn con nhiéu thiéu sét, cdc tdc gia mong nhdn dwoc y kién déng gdp cia ban
doc, cac dong nghiép, sinh vién va hoc sinh dé bé sdch dwoc ngdy cang hoan
thién hon .

Cac tac gia






Chuyén aé 1

THUAT TOAN
VA PHAN TICH THUAT TOAN

1. Thuat toan

Thuat toan 1a mot trong nhitng khai niém quan trong nhat trong tin hoc. Thuét ngit
thudt todn xuat phat tir nha khoa hoc Ardp Abu Ja'far Mohammed ibn Musa al
Khowarizmi. Ta c6 thé hi€u thudt todan la day hitu han cac budc, moi buoc mo ta
chinh xac cac phép toan hodc hanh dong can thuc hién, dé giai quyéet mot van de.
D¢ hiéu day du y nghia cua khai niém thuat todn ching ta xem xét 5 dac trung sau
cua thuat toan:

e Daiuvao (Input): Thuat todn nhan dir li¢u vao tr mot tap nao do.

e Pau ra (Output): Vi mdi tap cac dir liéu dau vao, thuat toan dua ra cac
dir liéu twong ing véi 101 gidi cia bai toan.

e Chinh xac: Cac budc cua thuat toan dugc mo ta chinh xac.

e Hiru han: Thuit toan cén phai dua duoc dau ra sau mot sd hitu han (co
thé rat 1on) budc v6i moi dau vao.

e Don tri: Cac két qué trung gian cua tung budc thyc hién thuat toan dugce
xac dinh mot cach don tri va chi phu thuoc vao dau vao va céac két qua
cua cac budc trudc.

e Tong quat: Thudt toan c6 thé ap dung dé gidi moi bai toan co6 dang
da cho.

Dé biéu dién thuat toan co thé biéu dién bﬁng danh sach cac budc, cac budc duoc
dién dat bang ngon ngit thong thudng va cac ki hiéu toan hoc; hoic c6 thé biéu
dién thuat toan bang so do khoi. Tuy nhién, dé dam bao tinh xac dinh cua thuat
todn, thuat toan can dugc viét bang cac ngén ngir 1ap trinh. Mot chuong trinh 1a sy
biéu dién ctia mot thuat toan trong ngdn ngit 1ap trinh da chon. Trong tai liéu nay,
chung ta sir dung ngon ngit tya Pascal dé trinh bay céac thudt toan. No6i la tua
Pascal, boi vi nhi€u truong hop, dé cho ngan gon, ching ta khong hoan toan tuan



theo quy dinh cua Pascal. Ngon ngir Pascal 1a ngdn ngir don gian, khoa hoc, duoc
giang day trong nha trudng pho thong.

Vi dy: Thuat toan kiém tra tinh nguyén t6 ctia mot s nguyén duong n (n > 2),
viét trén ngdn ngir 1ap trinh Pascal.

function is prime (n) :boolean;
begin
for k:=2 to n-1 do
if (n mod k=0) then exit (false);
exit (true);

end;

2. Phan tich thuat toan

2.1. Tinh hi€u qua cta thuat toan

Khi giai mét bai toan, chiing ta can chon trong s6 cac thuat toan mot thuét toan ma
chung ta cho 1a “tot” nhat. Vay dua trén co so nao dé danh gia thuat toan nay “t6t”
hon thuat toan kia? Thong thudng ta dua trén hai tiéu chuan sau:

1. Thuat todn don gian, d€ hiéu, d& cai dat (d€ viét chuong trinh).

2. Thuat toan hiéu qua: Ching ta thuong dic biét quan tam dén thoi gian
thyc hién cua thudt toan (goi 1a do phuc tap tinh toan), bén canh do
chung ta ciing quan tAm t6i dung lugng khong gian nhd can thiét dé luu
gitt cac dir liéu vao, ra va cac két qua trung gian trong qué trinh
tinh toan.

Khi viét chuong trinh chi dé sir dung mét s6 it 1an thi tiéu chuén (1) 13 quan trong,
nhung néu viét chuong trinh dé str dung nhiéu 1an, cho nhiéu ngudi st dung thi
tiéu chuan (2) lai quan trong hon. Trong trudng hop nay, di thuat toan c6 thé phai
cai dat phuc tap, nhung ta van s& lya chon dé nhan duoc chuong trinh chay nhanh
hon, hi¢u qua hon.

2.2. Tai sao cin thuit toan cé tinh hiéu qua?

Ki thuat may tinh tién bo rat nhanh, ngay nay cic may tinh 16n c6 thé dat toc do
tinh toan hang nghin ti phép tinh trong mot gidy. Vay c6 can phai tim thuat toan
hiéu qua hay khong? Chung ta xem lai vi du bai toan kiém tra tinh nguyén té cua
mot s6 nguyén duong n (n = 2).

function is prime (n) :boolean;

begin




for k:=2 to n-1 do
if (n mod k=0) then exit (false);
exit (true) ;

end;

D@ dang nhan thiy riang, néu n 1a mot sé nguyén t6 ching ta phai méat n — 2 phép
toan mod. Gia sir mot siéu may tinh c6 thé tinh dugc trim nghin ti (10'%) phép
mod trong mot gidy, nhu vay dé kiém tra mot sé khoang 25 chit s mat khoang
1025
1014Xx60X60X24X365
dnn—-11a khong can thiét ma chi can thir k tir 2 dén V', ta co:

~3170 nam. Trong khi do, néu ta ¢ nhan xét viéc thu k tir 2

function is prime (n) :boolean;
begin
for k:=2 to trunc(sqgrt(n)) do
if (n mod k=0) then exit(false);
exit (true);
end;

{ham sgrt(n) la ham tinh Vﬁ, trunc(x) la ham lam tron x }

. 3 ‘ r r N 25
Nhu vay dé kiém tra mot so khoang 25 chit s6 mat khoang % ~0.03 giay!

2.3. DPanh gia thoi gian thywe hién thuat toan

C6 hai cach tiép can dé danh gia thoi gian thye hién cia mét thuat toan. Cach tha
nhit bang thyc nghiém, chiing ta viét chuong trinh va cho chay chuong trinh véi
cac dir liéu vao khac nhau trén mot may tinh. Cach thtr hai bang phuong phap li
thuyét, chung ta coi thoi gian thyuc hién thuat todn nhu ham sb cua c& dit liéu vao
(cd cua dir li€u vao la mot tham s6 dic trung cho dir liéu vao, né c6 anh hudng
quyét dinh dén thoi gian thuc hién chwong trinh. Vi du ddi voi bai toan kiém tra
sd nguyén t thi c& cta dir liéu vao 1a sd n can kiém tra; hay v6i bai toan sip xép
day sb, ¢& cua dit liéu vao 1a sb phan tir ciia ddy). Thong thuong c& cua dir lidu
vao 12 mot sé nguyén duong n, ta str dung ham sd T (n) trong d6 n 1a ¢& cua dit
ligu vao dé biéu dién thoi thuc hién cia mot thuat toan.

Xét vi du bai toan kiém tra tinh nguyén t6 ciia mot s6 nguyén duong n (¢ dit lidu
vao la n), néu n 1a mot s6 chin (n > 2) thi chi can mot 1an thtr chia 2 dé két luan
n khong phai 1a sb nguyén t6. Néu n (n > 3) khong chia hét cho 2 nhung lai chia
hét cho 3 thi can 2 1an thir (chia 2 va chia 3) dé két luan n khong nguyén t6. Con
néu n 1a mot sd nguyén td thi thuat toan phai thyc hién nhiéu 1an thtr nhat.



Trong tai lidu nay, ching ta hiéu ham s6 T'(n) 1a thoi gian nhidu nhat can thiét dé
thuc hién thuat toén véi moi bo dit liéu dau vao ¢ n.

Str dung ki hiéu toan hoc 6 16n dé mé ta d6 16n ciia ham T'(n). Gia str n 13 mot s6
nguyén duwong, T(n) va f(n) 1a hai ham thyc khong am. Ta viét T(n) = 0(f(n))
néu va chi néu ton tai cac hing sé duong ¢ va ny, sao cho T'(n) < ¢ X f(n), voi
moin = ny.

Néu mot thuat toan co thoi gian thuc hién T(n) = 0(f(n)) chung ta néi rang
thuat toan c6 thoi gian thuc hién cip f(n).

Vidu: GiasuT(n) =n?+2n,tacon?+2n<n?+2n*  =3n?véimoin>1
Vay T(n) = 0(n?), trong trudng hop nay ta noéi thuat toan c6 thoi gian thuc hién
cap n?.

2.4. Cac quy tic danh gia thoi gian thwe hién thuit toan

bé danh gia thoi gian thyc hién thuat todn dugc trinh bay bﬁng ngdn ngir tua
Pascal, ta can biét cach danh gia thoi gian thyc hién cac cau I¢nh cua Pascal.
Trudc tién, ching ta hdy xem xét cac cau Iénh chinh trong Pascal. Cac cau 1énh
trong Pascal dugc dinh nghia d¢ quy nhu sau:

1. Céac phép gan, doc, viét 1a cAc cau Iénh (dugc goi 1a 1€nh don).
2.Néu S, Sy, ..., S 12 cAu 1énh thi

‘Begin Si; Sy; ..; Sp; End;

1a cau 1€nh (dugc goi 1a 1énh hop thanh hay khéi 1énh).

3.Néu S; va S, 1a cac cau 1énh va E 1a biéu thuc 16gic thi

‘ If E then S; else S,;

la cau Iénh (duogc goi 1a 1énh 1€ nhanh hay I¢nh If).
4. Néu S 1a cau 1énh va E 1a biéu thuc 16gic thi

| While E do S;

la cau 1€nh (dugc goi 1a 1énh 1ap diéu kién trudce hay 1énh While).

5.Néu S, S,.....Sm la cac cau 1énh va E 1a biéu thirc 16gic thi

Repeat
S1; S27 i Sai
Until E;

la cau 1€nh (dugc goi 1a 1énh 13p diéu kién sau hay Iénh Repeat)



6. Néu S 1a 1énh, E; va E, 1a cac biéu thic ciing mot kiéu thir tu dém duoc
thi

| For i:=E, to E, do S;

1a cau 1énh (dwoc goi 1a 1énh 13p v6i s6 1an xac dinh hay 1énh For).
Pé danh gia, chiing ta phan tich chuong trinh xuét phat tir cac 1énh don, roi danh
gia cac 1énh phtc tap hon, cudi cung danh gia duoc thoi gian thuc hién cua
chuong trinh, cy thé:
1. Thoi gian thyc hién cac 1énh don: gan, doc, viét 1a 0(1)
2. Lénh hop thanh: gia su thoi gian thyc hién cua Sy, S,,...,Sy, tuong ung la
0(f1(n),0(f,(n)),...,0(f;n(n)). Khi @6 thoi gian thuc hién cua 1énh hop
thanh 1a: O (max(f;(n), f2(n), ..., fm(M))).
3. Lénh If: gid st thoi gian thyc hi¢én cua S;, S, tuong ung la
0(f1(n)),0(f,(n))). Khi do6 thoi gian thuc hi¢n cua 1énh If Ila:
0(max(fi(n), f2(m)).
4. Lénh 1ap While: gia sir thoi gian thuc hi¢n 1€nh S (than cua 1énh While) 1a
0(f(n)) va g(n) 1a sé 1an lap ti da thuc hién 1énh S. Khi d6 thoi gian thuc
hién 1énh While 1a 0(f (n)g(n)).
5. Lénh 1ap Repeat: giad st thoi gian thyc hién khdi 1énh
Begin Si; S,;..; Sn; End;
1a 0(f(n)) va g(n) 1a sb lan lap t6i da. Khi d6 thoi gian thuc hién 1énh
Repeat 1a O(f (n)g(n)).
6. Lénh lap For: gia st thoi gian thuc hién 1énh S 12 0(f(n)) va g(n) 1a sb
lan 13p t6i da. Khi d6 thoi gian thuc hién 1énh For 1a 0(f(n)g(n)).

2.5. Mt so vi du

Vi du 1: Phan tich thoi gian thuc hién cua chuong trinh sau:

var i, j, n :longint;
sl, s2 :longint;

BEGIN

{1} readln (n) ;

{2} sl:=0;

{31} for i:=1 to n do
{4} sl:=sl + 1i;
| {5} 52:=0;
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{6} for j:=1 to n do

{71} s2:=s2 + j*3;

{8} writeln('1+2+..+',n,'=",s1);

{9} writeln ('17242"2+..4+"',n, '"2=",82);
END.

Thoi gian thyc hién chuong trinh phuy thudc véo s6 n.

Céc 1énh {1}, {2}, {4}, {5}, {7}, {8}, {9} co thoi gian thuc hién 1a O(1).

Lénh 1ap For {3} c6 s lan lap 1a n, nhu vay 1énh {3} c6 thoi gian thyuc hién la

O(n). Tuong tu 1énh ldp For {6} ciling c6 thoi gian thuc hién 1a O(n).

Vay thoi gian thuc hién cua chuong trinh 1a:
max(0(1),0(1),0(n),0(1),0(n),0(1),0(1)) = 0(n)

Vi du 2: Phéan tich thoi gian thyc hién ciia doan chuong trinh sau:

{11} c:=0;

{21} for i:=1 to 2*n do
{3} c:=c+l;

{41} for i:=1 to n do
{5} for j:=1 to n do
{6} c:=c+l;

Thoi gian thyc hién chuong trinh phu thudc vao s6 n.
Céc 1énh {1}, {3}, {6} co6 thoi gian thyc hién 1a O(1).
Lénh lap For {2} c6 sb 1an lap 1a 2n, nhu vay 1énh {2} c6 thoi gian thuc hién 1a
o(n).
Lénh 1ap For {5} c6 s lan lap 1a n, nhu vay 1énh {5} c6 thoi gian thyuc hién la
O(n). Lénh Iap For {4} c6 so lan 1ap 1a n, nhu vay 1énh {4} c6 thoi gian thuc hién
1a 0(n?).
Vay thoi gian thye hién ciia doan chuong trinh trén la:

max(0(1),0(n),0(n?)) = 0(n?)

Vi du 3: Phén tich thoi gian thyc hién ctiia doan chuong trinh sau:

{11} for i:=1 to n do
{2} for j:=1 to i do
{3} c:=c+1;

Thoi gian thyc hién chuong trinh phu thudc vao s6 n.
Céc 1énh {3} c6 thoi gian thye hién 1a 0(1).

10



Khii=1,jchaytir 1 &n 1 > lénh lip For {2} lip 1 lan
Khii=2,jchay tir | &n 2 - Iénh ldp For {2} lip 2 lan

Khii=n,jchay tir | dén n = 1énh lip For {2} lip n lan
Nhu vy 1énh {3} duoge lap: 1+ 2+..+n =" Iin, do d6 lénh {1} c6 thoi
gian thyc hién 1a 0(n?)

Vay thoi gian thuc hién ctia doan chuong trinh trén la: 0(n?)

Bai tap

1.1. Phan tich thoi gian thuc hién ctia doan chuong trinh sau:

for 1i:=1 to n do
if 1 mod 2=0 then c:=c+1;

1.2. Phan tich thoi gian thuc hién cia doan chuong trinh sau:

for 1i:=1 to n do
if i mod 2=0 then cl:=cl+1
else c2:=c2+1;

1.3. Phan tich thoi gian thye hién ctia doan chuong trinh sau:

for i:=1 to n do
if i mod 2=0 then
for j:=1 to n do c:=c+l

1.4. Phan tich thoi gian thuc hién ctia doan chuong trinh sau:

a:=0;

b:=0;

c:=0;

for i:=1 to n do
begin

a:=a + 1;

b:=b + 1i;

c:=c + 1i*i;

end;

1.5. Phan tich thoi gian thuc hién cia doan chuong trinh sau:

i:=n;
d:=0;




while i>0 do
begin

i:=1-1;

d:=d + i;
end;

1.6. Phan tich thoi gian thuc hién cia doan chuong trinh sau:

1:=0;
d:=0;
repeat
i:=1+1;

if i mod 3=0 then d:=d + 1i;
until i>n;

1.7. Phan tich thoi gian thuc hién ctia doan chuong trinh sau:

d:=0;
for 1i:=1 to n-1 do
for j:=i+1 to n do d:=d+1;

1.8. Phan tich thoi gian thye hién ctia doan chuong trinh sau:

d:=0;
for i:=1 to n-2 do
for j:=i+1 to n-1 do
for k:=J+1 to n do d:=d+1;

1.9. Phan tich thoi gian thye hién ciia doan chuong trinh sau:

d:=0;

while n>0 do
begin

n:=n div 2;
d:=d+1;

end;

1.10. Cho mot df?ly sd gém n s6 nguyén duong, xac dinh xem c6 ton tai mot diy
con lién ti€p co tong bang k hay khong?
a) Dua ra thuat toan c6 thoi gian thyc hién 0(n?).
b) Dua ra thuat toan c6 thoi gian thuc hién 0(n?).

¢) Pua ra thuat toan cé thoi gian thuc hién 0(n).



Chuyén dé 2

CAC KIEN THUC CO BAN

1. Hé dém
Hé~ dém duoc hiéu 1a tap céac k,i hiéu va quy ’téc su d}_mg tap cac ki hi¢u do6 dé bicu
dién va xac dinh gia tri cac s6. Trong hé¢ dém co so b (b > 1),~ cac ki hi¢u dugc
dung ¢ cac gia tri tuong ing 0,1,..,b — 1. Gid st N c6 biéu dién:
d,d,_1d,_, ..dydy,d_1d_, ...d_,,
trong d6 n + 1 s cac chir s6 bén trai, m 1a s6 cac chir s6 bén phai ddu phéan chia
phan nguyén va phan phan cia sd N va cac d; phai thoa man diéu kién
0<d;<b(—m<i<n).
Khi d6 gia tri ciia s6 N dugc tinh theo cong thirc:
N=d,b" +d,_b" 1 +...+dob®° +d_b  +...+d_,b~™ (1)
Qhﬁ y: DBé ph’én biét sé duoc biél;l dién ¢ hé dém péo ngudi ta viét co sd 1am chi
s0 dudi cua so6 do. Vi du: Ny, 1a biéu dien N ¢ hé dém b.
1.1. Cac hé dém thwong dung:
Hé thap phan (hé co s6 10) dung 10 ki hiéu 0, 1,2, 3,4,5,6,7, 8,9
Vidu:  28,9190=2x10"+8x10°+9 x 10”!
Hé nhi phan (hé co s6 2) chi dung hai ki hiéu 0, 1
Vi du: 10=1x2"+0x2%=2
101,1,= 1 x 22+ 0x2'+1x2°+1x2"=55
Hg¢ co s0 muoi sau, con goi la h¢ hexa, sir dung cac ki hiéu 0, 1,2, 3,4, 5,6, 7, 8,

9,A,B,C,D,E, F, trongdo A, B, C, D, E, F ¢c6 cac gia tri tuong tng 10, 11, 12,
13, 14, 15 trong hé thap phan

Vidu: AF01=10 x 16>+ 15 x 16"+ 0 x 16” =2800,



1.2. Chuyén doi biéu dién sé ¢ hé thap phan sang hé dém co s6 khac
DPé chuyén‘ d6i biéu dién mQt s6 6 hé t‘hép phén sang h¢ giém co 5O khéc‘, trude hét
ta tach phan nguyén va phan phan roi tién hanh chuyén doi tung phan, sau do
ghép lai.
Chuyén d6i biéu dién phan nguyén: T (1) ta liy phan nguyén:

X =db"+d,_ bV +...+d, (trong d6 0 < d; < b).

Do 0 < dy < b nén khi chia X cho b thi phan du ciia phép chia d6 la dy con
thuong s6 X1 s& la: d,b" * +d,_;b" > +...+ d,. Tuong tu d; 1a phin du cua
phép chia X1 cho b. Qué trinh duogc lip cho dén khi nhan dugc thuong bang 0.
Chuyén d6i biéu dién phan phan: Tir (1) ta 1y phan sau ddu phay:
Y =d_ b7 +...+d_,b ™

Yl=YX b =d_;+d_,b~ ' +...+d_,b~ "D
Ta nhan thiy d_4 chinh la phan nguyén cua két qua phép nhan, con phan phan cua
két qua 1a Y2 = d_,b~ ' +...+d_,,b~™ V. Qua trinh duoc lip cho dén khi
nhén du sd chit s can tim.

2. S6 nguyén té
Mot sb tu nhién p (p > 1) 1a s6 nguyén t6 néu p c6 ding hai uée sé 1a 1 va p.
Vi du cac sb nguyén tb: 2,3,5,7,11,13,17,19, 23, ...

2.1. Kiém tra tinh nguyén t6

a) Dé kiém tra sb nguyén duong n (n > 1) c6 1a s6 nguyén t6 khong, ta kiém tra
xem ¢6 ton tai mot sb nguyén k (2 <k <n—1) ma k 1a u6c cua n (n chia hét
k ) thi n khong phai 1a s6 nguyén té, nguoc lai n 1a sd nguyén to.

Néu n(n > 1) khong phai 1a sé nguyén td, ta luén c6 thé tach n =k, X
k,ma2<k, <k, <n-—1. Vi ky xk; <k, Xk, =n nén k; <+n. Do do,
viéc kiém tra voi k tir 2 dén n — 1 13 khong can thiét, ma chi can kiém tra k tir 2

dén V/n.

function is prime(n:longint) :boolean;
var k :longint;
begin

if n=1 then exit (false);




for k:=2 to trunc(sgrt(n)) do
if (n mod k=0) then exit (false);
exit (true) ;

end;

Ham is prime (n) trén tién hanh kiém tra lan luot timg s6 nguyén k trong doan
[2,vVn], dé cai tién, can giam thiéu sb cac sb can kiém tra. Ta c6 nhan xét, dé kiém
tra s6 nguyén duong n (n > 1) c6 1a s6 nguyén t6 khong, ta kiém tra xem co t6n
tai mot s& nguyén 6 k (2 < k < +/n) ma k 1a wéc cua n thi n khong phai 1a sd
nguyén to, nguoc lai n 13 s6 nguyén t6. Thay vi kiém tra cac sd k 1a nguyén td ta
s& chi kiém tra cac s6 k co tinh chat gidng véi tinh chit cia sb nguyén td, co thé
str dung mot trong hai tinh chit don gian sau cia s6 nguyén t6:

1) Trirsb 2 va cac s6 nguyén t6 1a s 1¢.

2) Trir sd 2, s6 3 cac sb nguyén té c6 dang 6k + 1 (vi s6 c6 dang 6k + 2 thi

chia hét cho 2, s6 ¢6 dang 6k + 3 thi chia hét cho 3).

Ham is prime2 (n) dudi day kiém tra tinh nguyén t6 cta s6 n bang cach kiém
tra xem 1 ¢6 chia hét cho s 2, s6 3 va cac sb ¢o dang 6k + 1 trong doan [5, Vnl.

function is primeZ(n:longint) :boolean;
var k,sqgrt n:longint;
begin
if (n=2)or (n=3) then exit (true);
if (n=1)or(n mod 2=0)or (n mod 3=0) then exit (false);
sqgrt _n:=trunc(sqgrt(n));
k:=-1;
repeat
inc (k, 6);
if (n mod k=0)or(n mod (k+2)=0) then break;
until k>sqgrt n;
exit (k>sqgrt n);

end;

b) Phuong phap kiém tra sb nguyén té theo xac suat
Tu dinh 1i nho Fermat:
|I néu p la sé nguyén 16 va a la sé tw nhién thi a®? mod p = a

Ta c6 cach kiém tra tinh nguyén t6 ctia Fermat:



néu 2™ mod n # 2 thi n khéng la s6 nguyén 1o

néu 2™ mod n = 2 thi nhiéu kha nang n la sé nguyén t6
Vi du:
2°mod 9 = 512 mod 9 = 8 # 2, do d6 s6 9 khong 1a s6 nguyén td.
2° mod 3 = 8mod 3 = 2, do d6 nhiéu kha ning 3 13 s6 nguyén t6, thuc té 3 1a sb
nguyeén to.
2" mod 11 = 2048 mod 11 = 2, do d6 nhiéu kha ning 11 1a sb nguyén td, thuc
te 11 1a s6 nguyén to.

2.2. Liét ké cac s nguyén to trong doan [1, N]

Céch thi nhét 1a thir 1an lugt cac s m trong doan [1, N], rdi kiém tra tinh nguyén
t6 ciia m.

procedure generate (N:longint);
var m :longint;
begin
for m:=2 to N do
if is prime(m) then writeln(m);

end;

Céach nay don gian nhung chay cham, dé cai tién c6 thé sir dung cac tinh chat cta
s6 nguyén t6 dé loai bo trudc nhitng sé khong phai 1a s6 nguyén t6 va khong can
kiém tra cac sb nay.

Cach thir hai 1a sir dung sang s6 nguyén t6, nhu sang Eratosthene, liét ké duogc cac
s6 nguyén t6 nhanh, tuy nhién nhugc diém cia cach nay 13 ton nhiéu bo nhé. Cach
lam duoc thuc hién nhu sau:

Trudce tién xo4 bo sd 1 ra khoi tap cac s6 nguyén td. S6 tiép theo sb 113 56 2, 1a sd
nguyén td, xoa tat ca cac boi ctia 2 ra khoi bang. S6 dau tién khong bi xo4 sau s6 2
(s6 3) 1a s6 nguyén td, xoa cac bdi cua 3... Giai thuat tiép tuc cho dén khi gip sb
nguyén t6 16n hon VN thi dung lai. Tat ca cac sb chua bi x04 13 sb nguyén td.

{SM 1100000}
procedure Eratosthene (N:longint);

const MAX = 1000000;
var i, J :longint;
Prime rarray [1..MAX] of byte;

begin
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fillchar (Prime, sizeof (Prime), 0);
for i:=2 to trunc(sqrt(N)) do
if Prime[1]=0 then
begin
Ji=i*i;

while j<=N do

begin
Prime[j]:=1;
Jr=J+1i;
end;

end;
for i:=2 to N do
if Prime[i]=0 then writeln (i) ;

end;

3. U&c sb, boi sb

3.1. S6 cac wére sb cia mot sd
Gia sit N duoc phén tich thanh thira s nguyén t6 nhu sau:
N=a'xbl x..xck
Udc s6 cua N ¢6 dang: aP X b? X ... x ¢” trong d6
0<p<i0<qg<j,...08r<k
Do d6, sd cacudesdcia N1a (i +1) x j + 1) x .. x (k + 1).
Vi du:
N =100 = 2% x 5%, sO wée s6 cua 100 1a: (2 + 1)(2 + 1) = 9 udce sd (cic udc
sodola: 1,2,4,5,10, 20, 25, 50, 100).
N =24 = 23 x3, sb uwoc sb cua 24 1a: (3+ 1)(1+ 1) = 8 wdc sb (cac ude sb
dola: 1,2,3,4,6,8, 12, 24).
3.2. Tong cac wée sd ciia mot sd
N=a'xbl x..xck
Dit N1 = b/ x .. x c*
Goi F(t) 1a tong cac udc cua t, ta co,
F(N) =F(N1) +ax F(N1) + -+ a' X F(N1)



. i+1_
=(1+a+-+a)xF(N1) = %x F(N1)

ai+1 -1 bj+1 -1 Ck+1 -1
( 72— 1 ) X(: b —1 ) X."><£—7?:jf—2
Vi du: Tong cac udc cna 24 1a:

(231 — 1) y (3141 — 1)
2—-1 3—-1

=60

3.3. Uéc s6 chung 16n nhit caa hai sb
Uéc sb chung 16n nhat (USCLN) cta 2 sb duogc tinh theo thudt toan Euclid
USCLN(a,b) = USCLN (b, (a mod b))

function USCLN(a,b:longint) :longint;
var tmp :longint;
begin
while b>0 do begin
a:=a mod b;
tmp:=a; a:=b; b:=tmp;
end;
exit(a);

end;

3.4. Bji s06 chung nhé6 nhét cia hai sb
Boi s6 chung nho nhat (BSCNN) cua hai s6 dugc tinh theo cong thuc:
axb a

BSCNN(a, b) = USCLN(a,b) _ USCLN(a,b) ’

4. Li thuyét tap hop

4.1. Cac phép toan trén tap hop
1. Phan bu cua A trong X, ki hiéu 4 , 1a tp hop cac phan tir cia X khong
thudc A:
A={x€eX:x ¢ A}
2. Hop cua A va B, ki hiéu A U B, 1a tap hop cac phéan tir hodc thude vao A
hoac thudc vao B:
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AUB = {x:x € A hodc x € B}
3. Giao cua A va B, ki hiéu A N B, 1a tap hop cac phan tir dong thoi thude ca
AvaB
ANB ={x:x € Avax € B}
4. Hiéu ciia A va B, ki hiéu 1a A\B, la tap hop cac phan tir thuoc tap A
nhung khong thudc B.
A\B = {x:x € Avax & B}

4.2. Cac tinh chit ciia phép to4n trén tip hop
1. Két hop
(AuB)uC=AuU(BUC)
(AnNnB)NC=ANn(BNC)
2. Giao hoan
AUB=BUA
ANB=BnNnA
3. Phan b
AUBNC)=(AUB)N(AUC(C)
AN(BUC)=((ANB)U(ANCOC)

4. Boi ngau

Il
N
ool

AUB
ANB

n
U

oo]]

A

4.3. Tich Pé-cac ciia cac tip hop
Tich Bé-cac ghép hai tap hop:
Ax B ={(a,b)la€ A beB}
Tich Bé-cac mo rong ghép nhiéu tap hop:
Ay X Ay X .. X A ={(ay,ay, ...,ax)|a; € A;,i =1,2,..,k}
4.4. Nguyén li cong
Néu A va B 14 hai tap hop rdi nhau thi
|AU B| = |A| +|B|

Nguyén li cong mé rong cho nhiéu tip hop d6i mét roi nhau:



Néu {4, 4,, ..., A;;} 1a mot phan hoach cua tip X thi:
|X| = [AL| + |Az] + - + |Ag]

4.5. Nguyén bu trir
Néu A va B khong roi nhau thi
|AUB| = |A|+ |B| — |ANB|
Nguyén li mé rong cho nhiéu tap hop:
Gia st A4, A,, ..., Ay, 1a céc tap hitu han:
|[A;UA, U ..UA,| =N, — Ny + -+ (-1)™ N,
trong d6 Ny, 1a tong phan tir ctia tit ca cac giao ctia k tap lay tir m tap dé cho
4.6. Nguyén li nhan
Néu mdi thanh phan a; cta bd co thir ty k thanh phan (a, az, ..., ax) €6 n; kha
nang lya chon (i = 1, 2, ..., k), thi s0 bd s€ duoc tao ra la tich so cua cac kha nang
nay nq X n, X..X ny
Mot hé qua truc tiép ciia nguyén li nhan:
[A; X Ay X .. X Ak| = |[A1] X |Az]| X ... X |Ag]
4.7. Chinh hop lap
Xét tap hitu han gdm n phan tr A = {a,, ay, ..., a,}
Mot chinh hop lap chap k cian phén tir [a mot bo ¢o thur tu g6m k phén tlr cua A,
cac phén tr c6 thé lap lai. Mot chinh hop 1ap chap k cua n co thé xem nhu mot
phan tir ctia tich Décac A¥. Theo nguyén 1i nhén, s tit ca cac chinh hop lap chap
k ctia n s& 1a nk,

Ak — ok
An=n

4.8. Chinh hop khong lap

Mot chinh hop khong 1ap chap k ciia n phéan tir (k < n) 1a mot bo co thir ty gdm
k thanh phan l4y tir n phan tir cta tap di cho. Cac thanh phan khong duoc lap lai.
Pé xay dung mot chinh hop khéng lap, ta xay dung dan ting thanh phan dau tién.

Thanh phan nay c6 n kha ning lwa chon. M&i thanh phan tiép theo, sé kha ning



Ira chon giam di 1 so véi thanh phan dung trude, do d6, theo nguyén 1i nhén, sb
chinh hgp khong lap chap k ctansélan(n — 1) ...(n — k + 1).
1

n.
Ak =nn—-1).(n—k+1) = m—h)!

4.9. Hoan vi

Mot hoan vi cuan phﬁn tir 1a mot cach xép thir tu cac phén tir d6. Mot hoan vi cua
n phan tir dugc xem nhu mot trudng hop riéng cua chinh hop khéng lap khi k =
n. Do d6 sb hoan vi ctia n phan tir 1a n!

4.10. T6 hop

Mot t6 hop chap k ciia n phan tir (k < n) 1a mot bo khong ké thir tw gdm k thanh
phan khac nhau 14y tir n phn tir cta tap da cho.

Ck:n(n—l)...(n—k+1): n!
" k! k!(n—k)!
Mot s6 tinh chét
- Cr=CpR
- =cr=1

- Ck=ckl+ ck, (v6io<k<n)

5. S6 Fibonacci
S6 Fibonacci dugc xéac dinh boi cong thirc sau:
Fy=0
F,=1
Fy=F, 1+ F,_,véin=>?2

Mot sO phan tir dau tién cua day s6 Fibonacci:

n 0 1 2 3 4 5 6

Fibonacci, 0 1 1 2 3 5 8

So Fibonacci 1a dap an cua céc bai todn:
a) Bai toan c6 v€ viéc sinh san cua cac cap tho nhu sau:

- Céc con tho khéng bao gio chét;




- Hai thang sau khi ra doi, mdi cip tho méi sé sinh ra mot cap tho con (mot duc,
mot cai);

- Khi d4 sinh con rdi thi cir mdi thang tiép theo chung lai sinh duwoc mét ciap con
moi.

Gia sir tir dau thang 1 c6 mot cip mdi ra doi thi dén giira thang thi n s& c6 bao
nhiéu cap.

Vi du,n=5, ta thiy: 00 90 56 hronz cip
Gifta thang thu 1: I'ﬁ? !

1 cip (cdp ban dau) Iy '*:E' ,
Gitra thang thu 2: o ___,__...----""I""['l"l ;

1 cap cdp (ban dau van chua d¢) rl;- g @ 3
Gitra thang th 3: ) i 000

2 cé@p (ca@p ban dAu dé ra thém 1 8 (=) 8& 3

cap con) ]
Gitta thang thu 4: 8 =)
3 cdp (cap ban dau tiép tuc dé)

(g2 f‘
éc
©E
®-
(B=
@c
[ =

Giita thang thir 5: 5 cap.
b) Bém s cach xép n — 1 thanh DOMINO c6 kich thuéc 2x1 phu kin bang c6
kich thudc 2 X (n — 1).

Vi du: C6 tit ca 8 cach khac nhau dé xép cac thanh DOMINO c6 kich thude 2x1
phu kin bang 2x5 (n = 6, Fibonaccig = 8).

Ham tinh sé Fibonacci tht n bang phuong phép lip st dung cong thirc
FTL :FTL—1+FTI—2 Vé’an ZVélFO == O,Fl == 1.

function Fibo(n : longint) :longint;
var fi 1, fi 2, fi, 1 :longint;

begin

\®]
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if n<=1 then exit(n);
fi 2:=0; fi 1:=1;
for i:=2 to n do begin
fi:=fi 1 + fi 2;
fi 2:=fi 1;
fi 1:=fi;
end;
exit (fi);

end;

Cong thitc téng quét F, = 1 ((1+2\/§)n B (1—2\/§)n>

Gl

6. S6 Catalan

Sé Catalan duoc xac dinh boi cong thuc sau:

Catalan, = ——CJ}, = ﬂ voin =0
n+1 (n+ D!n!
Mot s6 phan tir ddu tién cta diy sé Catalan 1a:
n 0 1 2 3 4 5 6
Catalan, 1 1 2 5 14 42 132

S6 Catalan 1a dap an cua cac bai toan:

1) C6 bao nhiéu cach khic nhau dit n diu ngoic md va n diu ngodc dong
dung dan?

Vidu: n = 3tacod 5 cach sau:

((C).(CHC N NO0 NDO0O
2) C6 bao nhiéu cay nhi phan khac nhau c6 ding (n + 1) 14?

PSRN SN
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3) Cho mét da giac 10i (n + 2) dinh, ta chia da giac thanh cac tam giac bang cach
v& cac dudng chéo khong cit nhau trong da gidc. Hoi co bao nhiéu cach chia nhu

vay?

Vidu:n =4
7. Xtr li s6 nguyén Ién

Nhiéu ngén ngit 1ap trinh cung cap kiéu dir liéu nguyén kha 16n, chang han trong
Free Pascal c6 kiéu sb 64 bit (khoang 19 chit s6). Tuy nhién dé thuc hién cac phép
tinh v6i s6 nguyén ngoai pham vi biéu dién dugc cung cdp (c6 hang trim chir sd
ching han), ching ta cin ty thiét ké cach biéu dién va cac ham thuc hién cac phép
toan co ban véi cac sb nguyén 16n.

7.1. Biéu dién s6 nguyén 16m
Thong thudng nguoi ta sir dung cac cach biéu dién sé nguyén 16n sau:

e Xau ki t: Pay 1a cach biéu dién tu nhién va don gian nhat, mdi ki tu cta
xau trong tmg v6i mot chit s6 cia s nguyén 16n tinh tir trai qua phai.

e Mang céac s6: Str dung mang luu cac chir sé (hodc mot nhom chir sd), va
mdt bién ghi nhan s6 chit s dé thuan tién trong qua trinh xr 1.

e Danh sach lién két cac sé: Str dung danh sach lién két cac chir sé (hodc
mot nhoém chir sé), cach lam nay s€ linh hoat hon trong vi¢c st dung bo
nho.

Trong phan nay, stt dung cach biéu dién thir nhit, biéu dién s nguyén 16n bang
xau ki tu va chi xét cac s6 nguyén 16n khong am.

‘ Type bigNum = string;




7.2. Phép so sanh

Dé so sanh hai so nguyén lon a, b duwoc biéu dién bang xau ki tu, truoc
tién ta thém cac chir so 0 vao dau so co so chit so nho hon dé hai so co so
lwong chir so bang nhau. Sau do sw dung tryc tiép phép toan so sanh trén

xdu ki ty.
Ham cmp so sanh hai so nguyén lon a, b. Gia tri ham tra vé

Onéua=h
lnéua>>b
—1lneua<b

function cmp (a,b : bigNum): integer;
begin
while length (a)<length(b) do a:='0"'+a;
while length (b)<length(a) do b:='0"+b;
if a = b then exit(0);
if a > b then exit(1l);
exit (-1);

end;

7.3. Phép cong

Phép cong hai s6 nguyén dugc thyc hién tir phai qua trai va phan nhé dugc mang

sang trai.
function add(a,b : bigNum): bigNum;
var sum, carry, i, x, y : integer;
c : bigNum;
begin
carry:=0;c:="'";

while length (a)<length(b) do a:='0"'+a;
while length (b)<length(a) do b:='0"+b;
for i:=length(a) downto 1 do
begin
x:= ord(a[i])-ord('0"); {ord('0')=48}
y:= ord(b[i])-ord('0");

sum:=x + y + carry;

carry:=sum div 10;




c:=chr (sum mod 10 +48)+c;

end;
if carry>0 then c:="1"+c;
add:=c;
end;
7.4. Phép trir

Thue hién phép trir nguoc lai voi viée nhd ¢ phép cong ta phai cha ¥ dén viée vay
muon tir hang cao hon. Trong ham trir dudi day, chi xét truong hop sb 16n trir s6
nho hon.

function sub (a,b:bigNum) :bigNum;

var c :bigNum;
s,borrow,i :integer;
begin

borrow:=0;c:="";

while length (a)<length(b) do a:='0"'+a;
while length (b)<length(a) do b:='0"'+b;
for i:=length(a) downto 1 do

begin
s:=ord(a[i])-ord(b[1])-borrow;
if s<0 then
begin
s:=s+10;
borrow:=1;
end else borrow:=0;
c:=chr (s +48)+c;
end;

while (length(c)>1)and(c[1]='0") do delete(c,1,1);

sub:=c;

end;

7.5. Phép nhan mot s6 16m véi mot sé nho

S6 nhé & diy dwoc hiéu 1a sé nguyén do ngdn ngit 14p trinh cung cip (nhu:
longhu,hﬂﬁgenﬂl:Hénlmultiplyl(a:bigNum;b:longint):bigNum,IIéVé
1a mot s6 nguyén 16n (bigNum) 1 két qua cua phép nhan mot sé nguyén 16n a
(bigNum) v6i mot s6 b (longint).



function multiplyl (a:bigNum;b:longint) :bigNum;

var i :integer;
carry, s :longint;
c, tmp :bigNum;
begin
c:="'";

carry:=0;
for i:=length(a) downto 1 do
begin
s:=(ord(a[i])-48) * b + carry;
carry:= s div 10;
c:=chr(s mod 10 + 48) +c;
end;
if carry>0 then str(carry,tmp) else tmp:='"';
multiplyl:=tmp+c;

end;

7.6. Phép nhan hai s6 nguyén Iém

function multiply2 (a,b:bigNum) :bigNum;
var sum, tmp :bigNum;
m,1i,7 :integer;
begin
m:=-1;sum:="";
for i:=length(a) downto 1 do
begin
m:=m+1;
tmp:=multiplyl (b,ord(al[i])-48);
{c6 thé thay cdu Iénh tmp:=multiply1(b,ord(a[i])-48);
bang cdach céng nhiéu lan nhw sau:
tmp:=";
for j:=1 to ord(a[i])-48 do tmp:=add(tmp,b);
nhu vay ham nhdan multiply2 chi goi ham céng hai sé nguyén lém add}
for j:=1 to m do tmp:=tmp+'0"';
sum:=add (tmp, sum) ;
end;
multiply2:=sum;

end;




7.7. Phép toan chia lay thwong nguyén (div)
ciia mét so 16m véi mot so6 nhé

function bigDivl (a:bigNum;b:longint) :bigNum;
var s,i,hold:longint;
c:bigNum;
begin
hold:=0;s:=0; c:="'";
for i:=1 to length(a) do
begin
hold:=hold*10 + ord(al[i])-48;
s:=hold div b;
hold:=hold mod b;
c:=c+chr (s+48) ;
end;

while (length(c)>1) and(c[1l]='0") do
delete(c,1,1);

bigbhivl:=c;

end;

7.8. Phép ton chia ldy du (mod) ctia mdt s6 16n v6i mot s6 nhé

function bigModl (a:bigNum;b:longint) : longint;
var 1i,hold:longint;
begin

hold:=0;

for i:=1 to length(a) do
hold:=(ord(af[i])-48+hold*10) mod b;
bigModl:=hold;

end;

Chu y: Ta c6 cac cong thirc sau:
1) (A + BymBdN = ((AmBdN) + (BmEdN)) m&d N
2) (A x B)mBdN = ((AmBdN) x (B mf&d N))mBd N

7.9. Phép toan chia liy thwong nguyén (div) ciia hai s6 16n

function bigDiv2 (a,b:bigNum) :bigNum;

var c,hold :bigNum;




kb rarray[0..10]of bigNum;
i,k :longint;
begin
kb[0]:="'0";
for i:=1 to 10 do
kb[i] :=add(kb[i-1],b);

c:="'";
for i:=1 to length(a) do
begin
hold:=hold+ali];
k:=1;
while cmp (hold,kb[k])<>-1 do
inc (k) ;
c:=c+chr (k-1+48) ;
hold:=sub (hold,kb[k-11]);
end;
while (length(c)>1)and(c[1l]='0") do delete(c,1,1);
bigDiv2:=c;

end;

7.10. Phép toan chia liy du (mod) ciia hai s6 16m

function bigMod2 (a,b:bigNum) :bigNum;

var hold :bigNum;
kb rarray[0..10]of bigNum;
i,k :longint;

begin
kb[0]:="'0";

for i:=1 to 10 do
kb[i]:=add(kb[i-1],Db);
hold:="";
for i:=1 to length(a) do
begin
hold:=hold+ali];
k:=1;
while cmp (hold,kb[k])<>-1 do




inc (k) ;
hold:=sub (hold,kb[k-11]);
end;
bigMod2:=hold;
end;

7.11. Vi du tinh s6 Fibonacci thit n (n < 500)
S6 Fibonacci duge xéac dinh boi cong thirc sau:
FO =0
F1 =1
FTL == Fn—l +FTL—2 vé'ln 2 2
Trudc tién ta xdy dung chuong trinh tinh s6 Fibonacci bang kiéu dir liéu Extended
nhu sau:

function Fibo(n : longint) :extended;
var 1 :longint;
fi 1, £i 2, fi : extended;
begin
if n<=1 then exit(n);
fi 2:=0; fi 1:=1;
for i:=2 to n do begin
fi:=fi 1 + fi 2;
fi 2:=fi 1;

fi 1:=fi;
end;
exit (f1i);
end;
var n : longint;
BEGIN
write ('Nhap N:'); readln (n);

writeln (Fibo (n)) ;
END.

Chay chuong trinh v6i n = 500 ta nhan dugc két qua:
1.3942322456169788E+0104, nhu vay sd Fibonacci thir 500 c¢6 105 chir sb (co
thé str dung cach biéu dién bang xau ki tu), ta xdy dung chuwong trinh tinh s6
Fibonacci 16n bang cach sau:

(U8]
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- Thay kiéu extended bang kiéu bigNum.
- Thay cac phép toan bang cac ham tinh toan sb 16n, xay dung cac ham tinh

toan sO 16n can thiét.

type bigNum = string;

function add(a,b : bigNum) : bigNum;
var sum, carry, 1 : integer;

c : bigNum;
begin

carry:=0;c:="'";

while length (a)<length(b) do a:='0"'+a;
while length (b)<length(a) do b:='0"+b;
for i:=length(a) downto 1 do
begin
sum:=ord(a[i])-48+ord(b[i])-48+carry;
carry:=sum div 10;
c:=chr (sum mod 10 +48)+c;
end;
if carry>0 then c:='l"+c;
add:=c;
end;
function Fibo(n : longint) :bigNum;
var 1 :longint;
fi 1, £i 2, fi : bigNum;
begin
if n<=1 then exit (char (n+48));
fi 2:='0'; £fi 1:="1";
for i:=2 to n do begin
fi:=add(fi 1,£fi 2); {fi:=fi 1 + fi 2;}

fi 2:=fi 1;
fi 1:=fi;
end;

exit (fi);
end;
var n : longint;
BEGIN




write ('Nhap N:'); readln (n);
writeln (Fibo (n)) ;
END.

7.12. Vi du tinh s6 Catalan, (n < 100)

Sé Catalan duoc xac dinh boi cong thirc sau:
R CO L
n+1 72" (n+Dn!

J

Catalan, = voin =0

Rut gon tir va mau cho (n + 1)! ta co:
(n+2) X (n+3) X..x (2n)
1X2X..Xn

Catalan, =

Ta s€ tinh tir sO bang cach sit dung ham nhan s6 16n véi s6 nho, sau d6 st dung
ham chia s6 16n cho s6 nho dé dugc két qua can tinh.

type bigNum =string;
function multiplyl (a:bigNum;b:longint) :bigNum;
var i :integer;
carry, s :longint;
c, tmp :bigNum;
begin
c:="'";

carry:=0;
for i:=length(a) downto 1 do

begin
s:=(ord(a[i])-48) * b + carry;
carry:= s div 10;

c:=chr(s mod 10 + 48)+c;
end;

if carry>0 then str(carry,tmp) else tmp:='"';

multiplyl:=tmp+c;
end;
function DbigDivl (a:bigNum;b:longint) :bigNum;
var s,i,hold:longint;
c:bigNum;
begin

hold:=0;s:=0; c:="'";
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for i:=1 to length(a) do
begin
hold:=hold*10 + ord(al[i])-48;
s:=hold div Db;
hold:=hold mod b;
c:=c+chr (s+48) ;
end;

while (length(c)>1) and(c[1l]="'0") do
delete(c,1,1);

bigDivl:=c;

end;
var n,k :longint;
S :bigNum;
BEGIN
write ('Nhap N:'); readln(n);
s:="'1";

for k:=(n+2) to 2*n do s:=multiplyl(s,k); ﬁMhtﬁ&ﬂ
for k:=1 to n do s:=bigDiv(s,k); ﬁﬂdachaméﬁ&ﬁ
writeln(s);

END.

Tuy nhién, ta c6 thé rat gon hoan toan mau so cua phan so trén va chi can sir dung
ham nhan s6 16n véi s6 nho, chuong trinh s€ chay nhanh hon.

Bai tap

2.1.

Cho s 1a mot xau chi gdm 2 ki tir '0' hodc '1' mé ta mot s6 nguyén khong 4m
& hé co sb 2, hiy chuyén sb d6 sang hé co s6 16 (do dai xau s khong vuot
qua 200).

Vi du: 10101100,=ACs
101010111100000100100011,=ABC1235

2.2. Cho sb nguyén dwong N (N<10”)

a) Phan tich N thanh thira s6 nguyén té
b) Bém sb woc cia N

¢) Tinh tong cac udc cia N

2.3. Dua ra nhitng s6 <10° ma cach kiém tra tinh nguyén t6 ciia Fermat bj sai.
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2.4. Sir dung sang sd nguyén t6 liét ké cac s6 nguyén td trong doan [L, R]

2.5. Ngudi ta dinh nghia mot s6 nguyén duong N duoc goi 13 s6 dep néu N thoa
man mot trong hai diéu kién sau:
- Nbang9
- Goi f(N) 1a tong céac chit s6 ca N thi f(N) ciing 1a sé dep
Cho s6 nguyén duong N (N < 101°°), hay kiém tra xem N c6 phai 1a s6 dep
khong?

2.6. Dung cach biéu dién s6 nguyén 16n bang x4u va thém thong tin dau (sign=1
néu s 16n 1a s6 khong am, sign=-1 néu s 16n 1a s6 am) dé xir li sé nguyén
16n ¢6 ddu nhu sau:

type bigNum = record
sign : longint;
num : string;
end;

Hay xay dung cac ham xtr 1i s nguyén 16n c¢6 dau.

2.7. Dung cach biéu d’ién s6 nguyén 16n bang mang (mdi phan tir ciia mang 1a mot
nhém cac chir so).
a) Hay xay dung cac ham xur 1i s6 nguyén 16n.
b) Sir dung ham nhan s6 nguyén 16n véi sb nhé tinh N! véi N<2000.

2.8. Tim K chit s6 cudi cing cia MY (0<K < 9,0 <M, N < 10%
Vi du: K=2, M=2, N=10, ta c6 2'°=1024, nhu vay 2 chit s6 cudi cing cia
2'%1a 24

2.9. Cho N (N< 10) nguyén duong ay, ay, ..., ay (a; < 10%). Tim udc sd chung
16m nhat, boi s6 chung nho nhat cia N so trén (chu y: BSCNN c6 thé rat
16n).

2.10. Cho hai sb nguyén khong 4m A, B (0<A<B<10°"), tinh s§ lwong sb
Fibonacci trong doan [A, B].

2.11. Cho s6 nguyén duong N (N<10'"), hiy tach N thanh téng cac s6 Fibonacci
do6i mot khac nhau.
Vi du: N=16=1+5+13

2.12. Cho N 1a mét sé nguyén duong khong vuot qua 10°. Hiy tim sé chit s6 0 tan
cung cua N!



2.13.

2.14.

2.15.
2.16.
2.17.

2.18.

2.19.

2.20

2.21.

2.22.

2.23.

Cho s 1a mot xau mo ta s6 nguyén khong am & hé co sd a, hiy chuyén s6 do
sang h¢ co so b (1 <a, b< 16, do dai xau s khong vuot qué 50).

Xay dyng ham kiém tra sé nguyén duong N c6 phai 1 sé chinh phuong
khong? (N<10'")

Tinh C} (0<k < n < 2000)

Tinh Catalan, (n < 2000)

Hay dém s6 cach dit k quan xe 1én ban cd n X n sao cho khong c6 quéan nao
an dugc nhau. (1 < k <n <100)

Gia thiét N 1a s6 nguyén d‘u:ong. S6 nguyén M 1a téng ciia N v6i cac chir s6
cua no. N duogc goi la nggén cua M. Vidy, N =245, khi’ do M =245+ 2 +4
+5 = 256. Nhu" vay, ngu(”)n cua 2§6 la 245. C6 qh&ng s0 khong ¢6 nguon va
¢6 s0 lai c6 nhiéu nguon. Vi dy, s6 216 c6 2 ngudn 1a 198 va 207.

Cho sé nguyén M (M co }(h()ng qua IOQ chir s6) hiy tim ngudn nho nhit cua
nd. Néu M khong c6 nguon thi dua ra so 0.

Tinh s6 udc va tong cac udc cua N! (N<100)

. Cho mot chiéc can hai dia va cac qua can c6 khoi lugng 30, 31, 32,. ..

Hay chon cic qua cin dé c6 thé can duoc vat c6 khdi lugng N (N<10'")

Vi du: cAn can vat co khdi lugng N=11 ta cAn st dung cac qua can sau:

- Can bén trai: qua can 3' va 3°

- Can bén phai: qua can 3° va vat N=11

DPém sb luong diy nhi phan khac nhau d6 dai n ma khong co 2 s6 1 nao
dtrmg canh nhau?

Vidu:n = 3,taco5 day 000, 001, 010, 100, 101

Cho xdu s chi gom ki tur tir 'a' dén 'z' (6 dai xau s khong vuot qua 100), hiy
dém so0 hoan vi khac nhau cua xau do.

Vi du: s="aba', ta c6 3 hoan vi 'aab','aba’,'baa’

John Smith quyet dinh déanh so trang cho quyen sach cua anh ta tir 1 dén N
Hay tinh toan s6 lu:0'ng chit s6 0 can dung, s6 luong chit sé 1 can dung,..,
lwong chit s6 9 can dung.

Dir liéu vao trong file: “digits.inp” gdm 1 dong duy nhat chira mot s6 N
(N<10'%).



Két qud ra file “digits.out” c6 dang gdm 10 dong, dong thtr nhat 1a sé luong
chit s6 0 can dung, dong thir hai 13 s6 luong chir s6 1 can dung,.., dong thir
10 14 s6 luong chir s6 9 can dung.
2.24. TAM GIAC SO (dé thi hoc sinh giéi Ha Tay 2006)

Hinh bén mé ta mot tam giac sb

¢6 sb hang N=5. Bi tir dinh (s6 7) 7

dén day tam giac bang mot duong
gip khuc, mdi bude chi duoc di
tr s6 & hang trén xubéng mot
trong hai s6 dung ké bén phai hay 2 7 4 4

o
=)

bén trai & hang dudi, va tinh tich 4 5 -2 6 ]
cac sb trén duong di lai ta dugc

mot tich.

Vi du: duong di 7 8 1 4 6 c6 tich 1a S=1344, duong di 73 1 7 5 co tich 1a
S=735.

Yéu cau: Cho tam giac s, tim tich ctiia dudng di co tich 16n nhat

Dit lieu: Vao tur file van ban TGS.INP:

e Dong dau tién chira s nguyén n, (0<n<101)

N dong tiép theo, tir dong thir 2 dén dong thir N+1: dong thir i ¢6 (i-1) s6
cach nhau boi dau céch (céac so co gia tri tuyét doi khong vuot qua 100)

Két qud: Pua ra file vin ban TGS.OUT mot s6 nguyén — 1a tich 16n nhat tim

duoc
TGS.INP TGS.OUT
5 5880
.
3 8
8 10
2 7 4 4
45 -2 65

2.25. HAI NAM (bai thi Olympic Sinh vién 2009, khdi chuyén)
Mot chau gai hang ngay dugc me giao nhiém vu dén tham ba ndi. T nha
minh dén nha ba ndi c¢6 bé phai di qua mot khu rimg c6 rat nhiéu loai nam.
Trong s6 cac loai ndm, co ba loai co thé an duge. Co bé danh sb ba loai nAm
an duoc 1an luot 12 1, 2 va 3. La mot nguoi chau hiéu thao cho nén co bé



quyét dinh mdi 1an dén tham ba, co s& hai it nhat hai loai ndm an duoc dé
nau sup cho ba. Khu rimg ma c6 bé di qua duoc chia thanh luéi 6 vudng
gém m hang va n cot. Cac hang cua ludi duge danh sb tir trén xudng dudi
bét du tir 1, con cac cot — danh sd tir trai sang phai, bat dau tr 1. O nam
giao ctia hang i va cot j co toa do (i, /). Trén mdi 6 vudng, trir 6 (1,1) va &
(m, n) cac 6 con lai hoac co ndm ddc va co bé khong dam di vao (danh dau
la -1), hodc 1a c6 ding mot loai nam c6 thé an dugc (danh dau bﬁng s6 hiéu
cta loai nAm do6). Khi co bé di vao mot 6 vudng co ndm an duoc thi c6 bé
s& hai loai nAm moc trén 6 d6. Xuit phat tir 6 (1,1), dé dén duoc nha ba noi
& 6 (m, n) mot cach nhanh nhat c¢6 bé ludn di theo hudéng sang phai hodc
xudng dudi.
Viéc di tham ba va hai nAm trong rimng sau gip nguy hiém boi c6 mot con
cho s6i ludn theo ddi va mudn an thit co bé. Dé phong tranh ché s6i theo ddi
va an thit, c6 bé quyét dinh mdi ngay sé& di theo mot con dudng khac nhau
(hai con duong khac nhau néu chiing khac nhau ¢ it nhit mot 6).
Yéu cdu: Cho bang mxn 6 vudéng md ta trang thai khu ring. Hiy tinh sb con
duong khac nhau dé c6 bé dén tham ba ndi theo cach chon dudng di di néu
O trén.
Dir liéu: Vao tur file van ban MUSHROOM.INP:
- Dong déu chira 2 s6 m, n (1 <m, n<101), , ‘
- m dong ti€p tiép theo, moi dong chira n s6 nguyén cho biét thong tin vé
cac 6 cua khu rung. (riéng gia tri o hai 6 (1,1) va 6 (m, n) luon luon
bang 0 cdc 6 con lai ¢6 gid tri bang -1, hodc 1, hodc 2, hodc 3).
Hai s6 lién tiép trén mot dong cach nhau mot dau cach.

Két qua: Pua ra file vin ban MUSHROOM.OUT chtra mot dong ghi mot sd
nguyén 1a két qua bai toan.

Vi du:
MUSHROOM. INP MUSHROOM.OUT
3 4 3
0 3 -1 2
33 33
31 30

2.26. HE THONG DEN MAU (Tin hoc tré bang B nim 2009)
bé trang tri cho 1& ki niém 15 nam hoi thi Tin hoc tré toan quéc, ban td chirc
da ding mot hé théng dén mau gdm n dén danh sé tir 1 dén n. Mbi dén c6

7
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kha ning sang mau xanh hoic mau d6. Cac dén duoc diéu khién theo quy
tic sau:

Ban dau tat ca cac dén déu sang mau xanh.

Sau khi két thtc chuong trinh thu nhét cua 12 ki niém, tat ca cac dén co sb
thtr tu chia hét cho 2 s& ddi mau...Sau khi két thuc chuong trinh thu i, tat ca
cac dén c6 sb tht ty chia hét cho i + 1 s& d6i mau (dén xanh ddi thanh mau
d6 con dén do ddi thanh mau xanh)

Minh, mot thi sinh dur 1& ki niém da phat hién duoc quy lut diéu khién dén
va rat thich tha voi hé théng dén trang tri nay. Vao luc chuong trinh thir k
cta bubi 1& vira két thiic, Minh dd nham tinh dugec tai thoi diém d6 c6 bao
nhi€u dén xanh va bao nhiéu dén dé. Tuy nhién vi khong c6 may tinh nén
Minh khéong chic chin két qua ctia minh 13 dang. Cho biét hai sé6 n va
k (n,k < 10°), em hiy tinh lai giip Minh xem khi chuong trinh thtt k cua
budi 1€ vira két thc, c6 bao nhiéu dén mau do.

Viduvéin=10;k = 3.

Thoi diém Trang thai cac dén
Bit dau Xanh: 12345678910
bo :
Sau chuong trinh 1 Xanh:1 3 5 7 9
bo: 2 46 8 10
Sau chuong trinh 2 Xanh: 1 567
bo: 234 8910
Sau chuong trinh 3 Xanh:1 45678
bo : 23 910

Vay c6 4 den do sau chuong trinh thur 3.

(U8]
[o2e)




Chuyén aé 3

SAP XEP

Sép xép la qua trinh b tri lai vi tri cac dbi tuong ciia mgt danh sach theo mot trat
tu nhit dinh. Sip xép dong vai tro rt quan trong trong cudc sdng ndi chung va
trong tin hoc noi riéng, thir hinh dung xem, mot cudn tir dién, néu céac tir khong
duoc sép xép theo thir tu, s& kho khan nhu thé nao trong viéc tra cuu cac tu. Theo
D.Knuth thi 40% thoi gian tinh toan ctia may tinh 1a danh cho viéc sip xép.
Khong phai ngau nhién thuat toan sap xép nhanh (Quick Sort) duge binh chon 1a
mot trong 10 thudt todn tiéu biéu cua thé ki 20.

Do dic diém dit liéu (kiéu sb hay phi sd, kich thuéc bé hay 16n, luu trit & bo nhd
trong hay b nhé ngoai, truy cdp tuan tu hay ngau nhién...) ma ngudi ta ¢ cac
thuat toan sip xép khac nhau. Trong chuyén dé nay, ching ta chi quan tim dén
cac thuat toan sip xép trong trudng hop dir lidu duoc luu trir & bd nhé trong
(nghia 13 toan bd dir lidu can sip xép phai duoc dua vao bd nhé chinh cia may
tinh).

1. Phat biéu bai toan

Gia st cac d6i twong can sip xép duoc biéu didn boi ban ghi gdm mot s trudng.
Mot trong cac trudng d6 duge goi 1a khod sdp xép. Kiéu cia khoa 13 kiéu c6 thu
tu (chéng han, kiéu s6 nguyén, kiéu s6 thuec, .. .)

const

MAX =..

type

object = record
key : keyType;
[cac truong khéac]

end;

TArray = arrayl[l..MAX]of object;

var

a : TArray;

n : longint;




Bai toan sip xép duoc phat biéu nhu sau: Cho mang a cac dbi tuong, can sip xép
lai cac thanh phan (phan tir) cia mang a dé nhan duoc mang a méi véi cac thanh
phan c6 céc gié tri khoa ting dan:

a[l]. key < a[2].key < -+ < a[n]. key

2. Cac thuat toan sap xép théng dung
Hai thuét toan hay dugc sir dung nhiéu trong thuc té d6 1a thuét toan sap xép noi
bot (BUBBLE SORT) va thuat toan sip xép nhanh (QUICK SORT).

2.1 Thuit toan sip xép ndi bot (Bubble Sort)

Y tudng co ban cta thudt toan 1a tim va ddi chd cac cap phan tir ké nhau sai tht ty
(phan tir dimg trude co khoa 16n hon khoa cua phan tir ding sau) cho dén khi
khong ton tai cip nao sai thir ty (diy duoc sip xép).

Cu thé:

- Luot 1: ta xét tir cudi diy, néu gip 2 phéan tir k& nhau ma sai thir tu thi doi
chd ching cho nhau. Sau luot 1, phan tir c6 khod nhé thir nhat dwoc dua vé
vitri 1.

- Luot 2: ta xét tir cudi day (chi dén phan tir thtr 2), néu gip 2 phan tir ké
nhau ma sai thir tu thi déi chd ching cho nhau. Sau luot 2, phﬁn tir c6 khoa
nho thi hai duge dua vé vi tri 2.

- Luot i: ta xét tir cubi diy vé (chi dén phan tir thr i, vi phan dau day tur 1
dén i-1 da duoc xép dung thir ty), néu gip 2 phan tir ké nhau ma sai tht tur
thi d6i chd chung cho nhau. Sau luot i, phan tir c6 khoa nhé thir i duoc dwa
Ve vi tri 1.

Xong lugt thir n-1 thi diy duoc sip xép xong.

procedure BoubbleSort;

var i, j : integer;
tmp : object;
begin
for i := 1 to n-1 do
for j := n downto i+l do

if a[j-1].key > al[]j].key then
begin

tmp := alJj];




end;

Danh gia do phure tap
S6 phép toan so sanh a[j — 1].key > a[j]. key dugc ding dé danh gia hiéu suét
thuat toan vé mat thoi gian cho thuat toan sép xép ndi bot. Tai luot thir i ta can
n — i phép so sanh. Nhu vay tong s6 phép so sanh can thiét:
nn-1
(=1 +(Mm—2)++1 =¥
Thudt todn cé dé phirc tap O(N?)

Mot thuat toan sap xép don gian, hay sir dung khac ciing cho do phirc tap O (N?)

for i:=1 to n-1 do

for j:=i+1 to n do

if ali].key>al[j].key then begin
tmp:=alil;

alil:=al3j]l;
aljl :=tmp;
end;

2.2. Thuit to4n sip xép nhanh (Quick Sort)

Y tudng ciia thuat toan nhu sau: Dé sap xép day coi nhu 1a sap xép doan tir chi s6
1 dén chi s6 n. Bé sap xép mot doan trong diy, néu doan chi c6 mot phan tir thi
day da duoc sz“ip xép, nguoc lai ta chon mot phén tir x trong doan do lam "chét",
moi phan tir ¢ khoa nho hon khoa cua “chét” dugce xép vao vi tri ding trude
chdt, moi phﬁn ttr 6 khoa 16n hon khoa cta “chdt” duoc xép vao vi tri ding sau
chdt. Sau phép hoan chuyén nhu vay thi doan dang xét dugc chia 1am hai doan ma
moi phan tir trong doan dau déu c6 khoa < khoa ctia “chdt” va moi phan tir trong
doan sau déu c6 khod > khod cua “chét”. Tiép tuc sap xép kiéu nhu vay véi 2
doan con, ta s€ duoc doan da cho duogc sép xép theo chiéu tang dan cta khoa.

Cu thé:

Gia su phai sap x€p doan c6 chi so tu L dén H:



- chon x 1a mot phan tir ngu nhién trong doan L..H (c6 thé chon x 1a phan
tor & gitta doan, nghia la x = a[(L+H) div 2])

- cho i chay tir L sang phai, j chay tir H sang trai; néu phat hién mot cap
nguoc tht tu: i < j va a[i].key > x.key >alj]. key thi d6i chd 2 phan tir
d6; cho dén khi i>j. Lac d6 ddy ¢ tinh trang: khoa cac phan tir doan L..i <
khoa cua x; khoa cua cac phan tir doan j..H > khoa cta x. Tiép tuc sip xép
nhu vady véi 2 doan L..j vai.H.

Thu tuc QuickSort(L,H) sau, sip xép doan tir L toi H, dé sip xép diy sb ta
goi QuickSort(1,n)

procedure QuickSort (L,H:longint);

var 1i,3 :longint;
X, tmp :object;
begin

i:=L;

Jj:=H;

//x:=a[random (H-L+1)+L];
x:=a[ (L+H) div 2];
repeat
while a[i].key<x.key do inc(i);
while al[j].key>x.key do dec(j);
if i<=3j then
begin
tmp'=a[']'
alil:=aljl;
aljl:=tmp;
inc (i)
dec (7j);
end;
until i>7j;
if L<3j then QuickSort(L,Jj);
if i<H then QuickSort (i, H);

end;

Danh gia do phvrc tap

Viéc chon chét dé phan doan quyét dinh hiéu qua cua thuat toan, néu viéc chon
chét khong tét rat c6 thé viée phan doan bi suy bién thanh trudng hop x4u (phan
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thanh hai doan ma sb phﬁn tir cda hai doan chénh 1éch nhiéu) khién Quick Sort
hoat dong cham. Céc tinh toan dg phuc tap chi tiét cho théy thuat toan Quick sort:
- C6 thoi gian thuc thi ¢& O(nlogn) trong truong hop trung binh.
- C6 thoi gian thuc thi ¢d 0(n?) trong trudng hop x4u nhat (2 doan duoc
chia thanh mot doan n-1 va mot doan 1 phan tr). Kha ning dé xay ra truong
hop nay 1a rt it, con néu chon chdt ngau nhién, hau nhu s& khong xay ra.

2.3. Nhan xét

Néu chuong trinh it goi t&i thu tuc sap xép va chi trén tap dir liéu nho, thi viéce sir
dung mot thuat toan phirc tap (tuy c6 hiéu qua hon) ¢ thé khong can thiét, khi do
c6 thé str dung thuat toan don gian c6 d6 phuc tap O(N?), dé cai dit. Tuy nhién,
vi d6 phirc tap 0(n?), nghia 1a thoi gian thuc hién ting 1én gap 4 khi sb luong
phan tir ting 1én gp d6i. Do do6, trong truong hop sip xép trén tap dir liéu 16n nén
sir dung thuét toan sap xép nhanh c6 do phirc tap ¢& 0 (nlogn).

3. Sap xép bang dém phan phéi (Distribution Counting)
Trong trudng hop khoa cac phan tir a[1],a[2],...,a[n] 1a cac s nguyén nam
trong khoang tir 0 t61 K ta c6 thudt todn don gian va hiéu qua nhu sau:

Xay dyng day c[0],c[1], ..., c[K] , trong d6 c[V] 14 s6 1an xuat hién khoa V trong
day.

for V : 0 to K do c[V] := 0;{Khditgodayc}
for i := 1 to n do cl[a[i].key] := cl[a[i].key] + 1;

Nhu vay, sau khi sip xép:
- Céac phan tir c6 khod bang 0 ding trong doan tir vi tri 1 t6i vi tri ¢[0].
- Céc phan tir c6 khoa bang 1 dimg trong doan tir vi tri ¢[0] + 1 t6i vi tri
c[0] + c[1].
- Céc phan tir c6 khoa bang 2 ding trong doan tir vi tri ¢[0] + c[1] + 1 t&i
vi tri c[0] + c[1] + ¢[2].

- Céc phan tir c6 khoa bang V trong doan dtmg tir vi tri c[0] + c[1] + -+ +
c[V—-1]+1téivitric[0] +c[1] + -+ c[V — 1] +c[V].

- Céc phan tir c6 khoa bang K trong doan dimg tir vi tri c[0] + c[1] + - +
c[K — 1] + 1 t6i vi tri c[0] + c[1] + - + c[K].
Vi dy: v6i diy gdbm 8 phan tir c6 diy khoa bang : 2, 0,2, 5, 1,2, 0, 3 ta co



c[0] c[1] c[2] c[3] c[4] c[5]
2 1 3 1 0 1

Sau khi sép xép, f:éc phan tr co khoé‘bz‘?mg 0 s& nam tu vi tri‘ 1 dén vi trf 2, phﬁn to
co khf)é bang 1 nam 6: vi tri 33 cac phan tir co khoé‘béng 2 nam tu Vl tri 4 dén vi tri
6, phan tir c6 khod bang 3 nam ¢ vi tri 7, cadc phan tir c6 khoa bang 5 nam ¢ vi
tri 8.

Diy khoa sau khi sip xép: 0,0, 1,2,2,2,3,5

Do phite tap cua thudt toan la: 0(max(N, K))

4. Mt s6 vi du wng dung thuit toan sip xép

Vidu 1: Gié tri nho thtr k

Cho diy ay, ay, .., a,, cac s doi mot khac nhau va s6 nguyén duong k (1 < k <
n). Hay dua ra gia tri nho thir k trong day.

Vi du day gé)m 5 phﬁn ta: 5,7, 1, 3,4 vak = 3 thi gid tri nho tha k 1a 4.

Gidi

Sap xép diy theo gia tri tang dan, s6 dimg thir k cta day 1a gia tri nho thi k. Néu
n < 5000 c6 thé sir dung thuat toan sap xEp nodi bot, nhung néu n > 5000 thi nén
st dung thuat toan sap x&p nhanh.

Ta c6 thé tim duogc gia tri nho thir k hiéu qua hon (khong can phai sip xép lai ca
day s0) cu thé:

+ Trong thuat toan sap xép ndi bot ta chi can sip xép dén phan tir tht k, khi do
phan tir thtr k chinh la phan tr ¢6 khoa nho thu k.

for i:=1 to k do // ichaydénk
for j:=n downto i+l do
if al[j-1]>al[j] then
begin
tmp:=a[]l;
aljl:=alj-11;
alj-1]:=tmp;

end;

+ Trong thuat toan Quick Sort, ta thiy rang:
e Néu k<L<=H thi doan tir L &én H khong can sap xép vi doan nay khong
anh huong dén vi tri thir k.
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e Néu L<=H<k thi doan tir L d&én H ciing khong can sip xép vi doan nay
khong anh huong dén vi tri thir k.

e Néu L<=k<=H thi ta s& xtr li tiép trong doan nay.

procedure QuickSort (L,H:longint);

var i, 3 :longint;
X, tmp :longint;
begin
if (L<=K) and (H>=K) then
begin
i:=L;
Jj:=H;
x:=a[ (L+H) div 2];
repeat

while a[i]l<x do inc (i) ;
while a[jl>x do dec(]);
if i<=3J then

begin
tmp:=alil;
alil:=aljl;
alj]:=tmp;
inc (1) ;
dec(3);
end;

until i>7j;

if L<j then QuickSort (L, j);

if i<H then QuickSort (i, H):;
end;

end;

Sau khi goi va thuc hién tha tuc QuickSort(1,n) thi $6 dang tha k chinh 1a gid tri
nho thu k.

Chu ¥: khi X 14 s6 nho thir (N div 2 + 1) cua diy a4, ay, ..., @, thi ham
F(X) =lay = X| + |lag = X| + -+ + |a, — X|
dat gi4 tri nho nhat



Vi du 2: Tim kiém
Cho diy da duoc sip ting dan a, <a, <...<a, va s6 X. Hiy dua ra chi s6 i ma
a; = X hodc dua ra i=0 néu khong c6 phan tir nao co6 gia tri bang X.
Gidi
Thuat toan tim kiém nhi phéan c6 thé tim phén tir co gi4 tri bang X trén mang da
duoc sap xép mot cach hiéu qua trong thoi gian O (logn). Thuat toan nhu sau:
Gia sir can tim trong doan a[L], a[L + 1],..,a[H] voi gia tri can tim kiém 1a X,
trude hét ta xem xét véi gia tri cia phan tir nam giira diy, mid = (L + H) div 2
e Néu a[mid] < X thi c6 nghia la doan tir a[L] t&i a[mid] chi chta cac
phan tir ¢6 gia tri < X, ta tién hanh tim kiém tiép v6i doan tir a[mid + 1]
den a[H]
e Néu a[mid] > X thi c6 nghia 1a doan tir a[mid] t6i A[H] chi chta cac
phan tir c6 gia tri > X, ta tién hanh tim kiém tiép vdi doan tur a[L] dén

a[mid — 1]
e Néu a[mid] = X thi viéc tim kiém thanh cong (két thuc qua trinh tim
kiém).

Qua trinh tim kiém s& that bai néu dén mot bude nao do, doan tim kiém 1a rong
(L > H)

function BinarySearch (X: longint): longint;
var L, H, mid: longint;
begin
L :=1; H := n;
while L £ H do
begin
mid := (L + H) div 2;
i1f a[mid] = X then exit (mid) ;
if a[mid] < X then L := mid + 1
else H := mid - 1;
end;
exit (0) ;
end;

46



Vi du 3: Thong ké

C’ho‘ day a4, ay, ..., a,. Hﬁy dém sé luod?g gid tri khac nhau co trong day va dua ra
s0 lan 1ap cua gia tri xuat hi€n nhiéu nhat.

Vi du: diy gém 8 $6: 6,7, 1,7,4,6,6,8 thi ddy co 5 gid trj khic nhau va s6 lan
13p cua gid tri xuat hién nhi¢u nhat trong day la 3.

Gidi

Cac cépg viéc trén s€ QU:Q’C thuc hién don gian néu mang qa duoc sép xép, khi d6
cac phan tir c6 gia tri bang nhau s€ dung canh nhau (lién ti€ép nhau).

{ Ham countValue trd vé s6 gid tri khdc nhau trong mang a c¢é n phan tir da sdp
xep}
function countValue(a : TArray;n : longint) :longint;
var i,count :longint;
begin

count:=1;

for i:=2 to n do

if a[i-1]1<>a[i] then inc(count);

countValue := count;
end;
{ Ham highestFrequency ,trd yé s6 lan Idp ciia gid tri xudt hién nhiéu nhdt
trong mang a co n phan tir da sap xep,!
function highestFrequency(a:TArray; n:longint) :longint;

var 1,count,rslt :longint;
begin
rslt:=1;

count:=1;
for i:=2 to n do begin
if a[i] <> a[i-1] then count:=1
else inc(count);
if count>rslt then rslt:=count;
end;
highestFrequency := rslt;

end;

Vi du 4. Xét diy F gom n (2 <n < 10°) s6 nguyén F = (fi, fy, ..., f,) dinh
nghia nhu sau:
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3 {1,néu1£i <2
fi= (i1 + fio,) mBd 128, néu2 <i<n
Hay cho biét néu sip xép diy F theo thir ty khong giam thi s6 thit k (k < n) c6
gia tri 1a bao nhiéu?
Gidi
Ta nhan thiy f; c6 gia tri nguyén va 0 < f; < 127, ta s& st dung thuat toan dém
phan phdi nhu sau:
- Xay dyng day F va ddy c[0], c[1], ..., c[127] , trong d6 c[V] 1a s6 lan xudt
hién gia tri V trong day F. o ’
- Giatri thr k cua day F sau khi sap x€p la gid tr1 P nhé nhat thoa man
c[0]+ c[1]+ ..+ c[P] =k
Chi y: St dung a and (2™ — 1) thay cho a mod (2™), chuong trinh s& chay
nhanh hon.

const maxValue =128 - 1;
var fi 2, £i 1, fi :longint;
i, v, n, k, cv, P :longint;
c rarray[0..maxValuel]of longint;
BEGIN
write ('Nhap n, k:');readln(n,k);

fi 1:=1; fi 2:=1;
fillchar(c,sizeof(c),0);
c[fi 1]:=cl[fi 1]+1;
clfi 2]:=cl[fi 2]+1;
for i:=3 to n do begin
fi:=(fi 1+fi 2) and maxValue;
{write (fi:4);}

cl[fi]:=c[fi]+1;
fi 2:=fi 1;
fi 1:=fi;

end;

cv:=0;

for v:=0 to maxValue do begin
cv:=cv+tc|[Vv];

if cv >= k then begin

Pi=v;
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break;
end;
end;
writeln (P)
END.

Vi dy 5. Cho day gom N (N < 30000) sd ty nhién khong vuot qua 10°, tim s6 tu
nhién nhé nhat khong xuat hién trong day.
Dit liéu vao trong file SN.INP co dang:
- Dong dau 1a s6 nguyén N
- Dong thr hai gobm N s
Két qud ra file SN.OUT c6 dang: s6 tu nhién nhé nhat khong xuit hién trong day.

SN. INP SN.OUT
5 2
50 314

Gidi

Ta c6 nhan xét sau: sb ty nhién nho nhit khong xuat hién trong diy s& ndm trong
doan [0, n]. Do do, ta sit dung mang c:array[0..30000]of longint;
v6i ¢ [x]1a sb 1an xuat hién cia x trong ddy, néu c [x]=0 tic 1a x khong xuat
hién trong day.

const Limit =30000;
fi ='SN.INP';
fo ='SN.OUT';
var c rarray[0..Limit]of longint;
n :longint;
i,x :longint;
f ttext;
BEGIN

fillchar (c,sizeof(c),0);
assign(f, fi); reset (f);
readln(f,n);
for i:=1 to n do begin
read (f, x);
if x<=n then inc(c[x]);
end;
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close (f);
for i:=0 to n do
if c¢[i]=0 then begin
X:=1;
break;
end;
assign(f, fo); rewrite(f);
write (£, x);
close (f);
END.

Vi du 6. Cho xau s (d6 dai khong vuot qua 10°) chi gdm 2 ki tu 'A' va 'B'. Dém sb
cach chon cdp chi ) (1,j) ma xau con lién tiép tur ki ty thir i dén ki tu tha j cua xau
s ¢ sb luong ki tu 'A' béng sb luong ki tu 'B'.

Di liéu vdo trong file “AB.INP” ¢6 dang: gom mot dong duy nhat chira x4u s

Két qud ra file “AB.OUT” ¢6 dang: gdm mot dong duy nhat chira mot s 13 két
qua bai toan.

AB.INP AB.OUT
ABAB 4
Gidi
const MAX =1000000;
fi ='AB.INP';
fo ='AB.OUT"';
var S ransistring;
c rarray[-MAX. .MAX]of longint;
f ttext;
i, sum :longint;
count :int64;

BEGIN
assign(f, fi); reset (f);
read(f, s);
close (f);
fillchar (c,sizeof (c),0);
c[0]:=1;
sum:=0;
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count:=0;

for i:=1 to length(s) do begin
if s[i]='A' then sum:=sum - 1
else sum:=sum + 1;
count:=count + c[sum];
inc(c[sum]) ;

end;

assign(f, fo); rewrite(f);

write (£, count);

close (f);

END.

Bai tap
3.1. Cho mét danh sach n hoc sinh (1 < n < 200), mdi hoc sinh c6 thong tin sau:
- Hp va tén: La mot xau ki ty do dai khong qué 30 (cac tir cach nhau mot
dau cach)
- DPiém: La mot sb thuc
A) DPua ra danh sach ho va tén da sép xép theo thir tu abc (uu tién tén, ho,
dém)
B) C6 bao nhiéu tén khéac nhau trong danh sach, liét ké cac tén do.

C) Chon nhiing hoc sinh ¢6 thir hang 1, 2, 3 diém cao nhat trong danh sach
dé trao hoc bdng, hiy cho biét tén nhitng hoc sinh do.

Vidu
Dt 1liéu vao Két qud cau A | Két qua | Két qua cau
cau B C

6 Nguyen Van | 5 Vu Anh Quan

Vu Anh Quan Chung Chung Dinh Quang

8.9 Cong Hoang Hoang Huy

Nguyen van | Dinh Quang Huy Dinh Quang

Chung Hoang ouan Hoang

8.7 Dinh Quang h Nguyen Van
Huy Quyn Chung

Hoang Trong

Quynh Vu Anh Quan

8.5 Hoang Trong
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Dinh Quang | Quynh
Hoang

8.7

Dinh Quang
Huy

8.8
Cong Hoang
8.0

3.2. Cho diy s6 gdbm N sd nguyén a; < a, <...< ay
A) Dua ra thuat toan co do phirc tap O(NlogN) dé tim 2 chi s6 i < j ma
a; + aj = 0.

B) Dua ra thuat toan c6 do phirc tap O(N2logN) dé tim 3 chisdi <j <k
maa; +a; + a; = 0.
C) Pua ra thuat toan c6 d6 phirc tap O(N) dé tim 2 chi s6 i < j ma

a; + Clj = 0.
D) Pua ra thuét toan c6 do phic tap O(N?) dé tim 3 chi sd i < j < k ma
a; +a;+a=0.

3.3. Cho mét xau s (d0 dai khong qua 200) chi gdm cac ki tir 'a’ dén 'z’, dém s

luong xau con lién tiép khac nhau nhan duoc tir xau s.

Vidu: s='abab’, ta c6 cac xau con lién tiép khac nhau la:

'‘a’,'b’,'ab’,'ba’, 'aba’, 'bab’, 'abab’, s6 lugng xau con lién tiép khac nhau
la7.

3.4. Viét lién tiép cac s6 tu nhién tu 1 dén N ta duoc mot sb nguyén M. Vi du
N=15 ta c6 M=123456789101112131415. Hiy tim cach xoa di K chir sd
ciia s6 M dé nhan duge s M' 1 16n nhét.

3.5. Xét tap F(N) tit ca cac s hitu ty trong doan [0,1] v6i miu s khong vuot qua
N (1 <N <£100).
Vidutap F(5): 0/1 1/51/4 1/3 2/5 1/2 3/5 2/3 3/4 4/51/1
Sap xép cac phan sb trong tap F(N) theo tht tir ting dan, dua ra phan sd
tht K.

3.6. Cho xau s (d¢ dai khong vuot qua 10°) chi gdm cac ki tu ‘a’ dén 'z,

A) C6 bao nhiéu loai ki tu xuét hién trong s
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B) Bua ra mot ki tu xuat hién nhiéu nhat trong xau s va so lan xuat hi¢n ctua
ki tu do.

3.7.Cho 2 day a4 <a, <...<a, va by <b, <...<b,,, hdy dua ra thuat toan c6 do

phirc tap O(n + m) dé c6 diy ¢; <, <... <Cpym 12 ddy tron cta hai day trén.

3.8. Cho diy s6 gdm n (n < 10000) s nguyén ay, ay, ..., a, (Ja;] < 10%), tim s6

nguyén X batki dé S = |a; — X| + |ay — X| + -+ |a, — X| dat gi4 tri nho
nhat, c6 bao nhi€u gia tri nguyén khac nhau thod man.

Vidu 1: day gdbm 556 3, 1, 5, 4, 5, ta ¢6 duy nhat mot gia tri X = 4 dé S dat
gia tri nho nhét bang 6.

Vi du 2: diy gdbm 656 3, 1,7, 2, 5, 7 ta co ba gia tri nguyén cia X 14 3, 4, 5
dé S dat gia tri nho nhat bang 13.

3.9. Cho N (N < 10000) diém trén mit phang Oxy, diém thir i c6 toa do la

3.10.

3.11.

3.12.

3.13.

(x;,y;). Ta dinh nghia khoang cach giita 2 diém P(xp, yp) va Q(xq, yo) bang
|xp — xo| + [Yp — yol. Hay tim diém A c6 toa 6 nguyén ma tong khoang
cach (theo cach dinh nghia trén) tir A t6i N diém di cho 1a nho nhat
(1], |y:| nguyén khong vuot qua10?)

Cho N (N < 10000) doan thang trén truc sb v6i cac diém dau x; va do dai
d; (|x;], d; 12 nhitng s6 nguyén va khong vuot qua 10°). Tinh tong do dai
trén truc s bi phu boi N doan trén.

Vi du: ¢6 3 doan x; = =5,d; = 10; x, =0,d, = 6; x3 = —100,d3 = 10
thi téng d6 dai trén truc sd bi phu bdi 3 doan trén la: 21

Cho N (N < 300) diém trén mat phang Oxy, diém thtr i c6 toa do 1a (xi, yi).
Hay dém s cach chon 4 diém trong N diém trén ma 4 diém d6 tao thanh 4
dinh cua mdt hinh chir nhat. (i, |yi| nguyén khong vuot quéa 1000)

Vi du: ¢6 5 diém (0, 0), (0, 1), (1, 0), (-1, 0), (0, -1) c¢6 duy nhét 1 cach chon
4 diém ma 4 diém do6 tao thanh 4 dinh ciia mot hinh chir nhét.

Cho N (N < 10000) doan s nguyén [a;, b;], hdy tim mot s ma sb do
thudc nhiéu doan sd nguyén nhét.

Vi du: ¢6 5 doan [0,10],[2,3],[4,7],[3,5],[5,8], ta chon sé 5 thudc 4 doan
[0,10],[4,7], [3,5], [5.,8].

Cho diy gdm N (N < 10000) sb a,, a,,.., ay. Hiy tim ddy con lién tiép dai
nhat c6 tong bang 0. (Ja;| < 10°)



Vi du: diy gém 5 s6 2, 1, -2, 3, -2 thi diy con lién tiép dai nhét co tong bang

0la:1,-2,3,-2

3.14. ESEQ ) . . ) )
Cho day s6 nguyén 4 gbm N phan tr 4, 4,, .., Ay, tim s cdp chi s0 i, j thoa
man:

i N
DA =>4 vsil<i<j<N
p=l q=J
Dit liéu vao trong file “ESEQ.INP” c6 dang:
- Dong déu 1a s6 nguyén duwong N (2 <N < 10°)
- Dong tiép theo chura N s6 nguyén 4;, A, .., Ay (|4;|<10°), cac sb cach
nhau mot dau cach.

Két qud ra file “ESEQ.OUT” ¢6 dang: gdbm mdt sb 13 sb cap tim duoc.

ESEQ.INP | ESEQ.OUT

3 3
101
3.15. GHEP SO
Cho 7 s6 nguyén duong a;, a, . . .,a, (1 <n < 100), mdi s6 khong vuot qua

10°. Tir cac sb nay ngudi ta tao ra mot sé nguyén méi bang cach ghép tat ca
cac s6 da cho, tire 1a viét lién tiép cac s6 da cho voi nhau. Vi du, véi n = 4
va cac s6 123, 124, 56, 90 ta co thé tao ra cac sb méi sau: 1231245690,
1241235690, 5612312490, 9012312456, 9056124123,... C6 thé dé dang
thdy rang, véi n = 4, ta c6 thé tao ra 24 sé méi. Trong trudng hop nay, sd
16m nhit c6 thé tao ra 1a 9056124123.

Yéu cau: Cho n va céc sb a, ay, . . .,a, . Hay xac dinh 6 1on nhét co6 thé tao
ra khi ghép céc s da cho thanh mot s6 méi.

Dir liéu vao tur file van ban NUMJOIN.INP c6 dang:

- Dong thtr nht chira s6 nguyén #,

- Dong thtr 2 chtra n $b nguyéna; a; ...ay.

Két qua ra file van ban NUMJOIN.OUT gdm mot dong 1a s6 10n nhit co thé
tao ra khi ghép cac sd dd cho thanh mot s méi.



3.16. GIA TRI NHO NHAT

Cho bang s6 A gdbm MxN 6, mdi 6 chira mot s6 nguyén khong 4m (Aj) co
gia tri khéngﬁ vuot qua 10°. Xét hang i va hang j cua bang, ta can xac dinh
Xjj nguyén dé:

N N

S; = (Z| 4, - X, |j+(2| A, - X, |J dat gia tri nho nhit.

k=1 k=1
Tinh w = 55 YL ,.S;
Dir liéu vao trong file “WMT.INP” co6 dang:
- Dong dau 13 2 s6 nguyén duong M, N (1<M, N<1001)
- M dong sau, mdi dong N sb
Két qud ra file “WMT.OUT” ¢6 dang: gdbm mot s6 W

WMT . INP WMT .OUT
2 3 5

2 31

2 3 4

3.17. DECIPHERING THE MAYAN WRITING (101 2006)
Cong viéc giai md chir viét cia nguoi MAIA 1a kho khian hon nguoi ta
tuong nhiéu. Trai qua hon 200 nim ma ngudi ta van hiéu rat it vé cac chir
viét nay. Chi trong 3 thap nién gan ddy do céng nghé phat trién viéc giai ma
nay moi co nhiéu tién bo.
Chir viét Maia dua trén céc ki hiéu nho goi 1a nét v&, mdi nét v& tuong ung
véi mot Am giong nodi. Moi tir trong chit viét Maia s& bao gom mot tap hop
cac nét v& nhu vay két hop lai voi nhiéu kiéu dang khac nhau. Mdi nét vé& c6
thé hiéu 1a mot ki tu ta hiéu ngay nay.
Mot trong nhimng van dé 16n khi giai ma chir Maia 1a thir tw doc cac nét vé.
Do nguoi Maia trinh bay cac nét vé nay khong theo thir tw phat &m, ma theo
cach thé hién cua chung. Do vay nhiéu khi da biét hét cac nét v& ciia mot tir
16i nhung van khong thé tim ra duoc chinh xac cach ghi va doc cua tir nay.
Cac nha khao c6 dang di tim kiém mét tir dac biét W. Ho da biét rd tat ca
cac nét v& cua tir ndy nhung van chua biét cac cach viét ra ctia tir nay. Vi ho
bict co cac thi sinh IOI'06 s€ dén nén muodn su trg gilip clia cac sinh vién
nay. Ho s€ dua ra toan b g nét v&€ cua tt W va day S tat ca cac nét vé co



3.18.

trong hapg da cb. Ban hay gitp cac nha khao cb tinh xem c6 bao nhiéu kha
ndng xuat hién tor W trong hang da.

Yéu cau: Hiy viét chuong ‘Erinh, ,cho trudc céc,ki tu cua tr W va day S cac
nét vé trong ‘hang ,dé, tinh tong s6 kha nang xuat hién cua tor W trong day S,
nghia 1a s6 lan xuat hién mot hoan vi cac ki ty cuia day g ki tu trong S.

Cdc rang buoc

1 < g <3000, sd nét v& trong W

g <|S| <3000 000, |S| 1 s6 cac nét vé& ciia diy S

Dit lieu vao:

-Dong 1: chita 2 s6 g va |S| cach nhau boi ddu cach.

- Dong 2: chtra g ki tr lién nhau 13 cac nét v& cua tir W. Cac ki tu hop 16 1a
'a'-'z' va'A'-'Z'. Céc chir in hoa va in thuong 1a khac nhau.

- Dong 3: Chira |S] ki ty 13 ddy cac nét v& tim thay trong hang. Cac ki tu hop

140 '

1€ 1a'a'-'z' va'A'-'Z'. Cac chit in hoa va in thuong 1a khac nhau.

Két qud ra:
Chtra dung 1 sb 1a kha niang xuét hién cta tir W trong diy S.
Dt liéu vao Két qud ra
4 11 2
cAda
AbrAcadAbRa

TRO CHOI VOI DAY SO (Hoc sinh gi6i qudc gia, 2007-2008)

Hai ban hoc sinh trong ltic nhan rdi nghi ra trd choi sau day. Mdi ban chon
trude mot diy sb gdm n sd nguyén. Gia sir ddy sé6 ma ban thir nhét chon 1a:
by, by, ..., by

con day sb ma ban th hai chon 13: ¢;, c,, . .., ¢y,

Madi lugt choi mdi ban dua ra mot sé hang trong diy sé ctia minh. Néu ban
thir nhat dwa ra s hang b; (1 < i < n), con ban thir hai dua ra s6 hang
¢j (1 < j < n) thi gid cua lugt choi d6 s€ 1a |b; + ¢

Vi du: Gia su day s6 ban thtr nhét chon 1a 1, -2; con day s6 ma ban thir hai
chon 1a 2, 3. Khi d6 céc kha nang co thé cua mot luot choi la (1, 2), (1, 3), (-
2,2), (-2, 3). Nhu vay, gia nho nhét cua mét luot choi trong s6 cac luot choi
¢6 thé 1a 0 twong tmg voi gia cua lugt choi (-2, 2).



Yéu céu.' Hay xac dinh gia nhé nhét ciia mot lugt choi trong s6 cac luot choi
c6 thé.

Dir liéu vao:

Dong dau tién chira s6 nguyén duong n (n < 10°)

Dong thtr hai chira diy s6 nguyén by, b,,..., b, (Jb;] < 10°,i=
1,2,...,n)

Dong thir hai chira ddy sb nguyén ¢y, ¢,,..., ¢, (Jc;] < 10%i=1,2,...,n)

Hai s6 lién tiép trén mot dong dugc ghi cach nhau bai dau cach.

Két qua ra:
Ghi ra gia nho nhit tim duoc.
Dt 1liéu vao Két qua ra
2 0
1 -2
2 3

3.19. DAY SO (Hoc sinh gioi, Ha Noi 2008-2009)
Cho diy sd nguyén aq,a,,..a,. Sb a, (1 < p < n) duoc goi la mot s6
trung binh cdng trong day néu ton tai 3 chi s6 i, j, k(1 < i, j, k <
n) d6i mot khac nhau, sao cho a, = (a; + a; + a;)/3
Yéu cau: Cho n va diy sb aj,a,,..a,. Hay tim sd lugng cac sd trung binh
cdng trong day.
Dit lieu vao:
- Dong dau ghi s6 nguyén duongn (3 < n < 1000)
- Dong th hai chita n s6 nguyén a; (|a; | < 108)
Két qud ra:
S6 lwong cac s6 trung binh cong trong diy.

Dt 1liéu vao Két qud ra
5 2
4 3 6 3 5
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3.20. PEM SO TAM GIAC (Tin hoc tré, bang B, nim 2009)

Cho ba s nguyén duong a,b,m va n (m,n < 10000) doan thang danh s6
tir 1 t6i n. Poan thing tht i c6 d6 dai d; (Vi:1 < i < n), & day cac do dai
(dy4,d, ..., d,) dugc cho nhu sau:

d = {b,néui =1
' (axdi_;+b)mBdm+1,néu1<i<n
Hay cho biét co bao nhiéu tam giac khac nhau c¢6 thé dugc tao ra bang cach
ldy dung ba doan trong sb n doan thang da cho 1am ba canh (hai tam giac
bang nhau néu ching c6 ba cip canh twong Ung biang nhau, néu khong
chung duogc coi la khac nhau).

(*)

Viduvbia=6;b=3;m=4;n=5. Ta cod 5 doan théng yéi do dai cﬁa}
chiing tinh theo cong thuc (*) 1a (3,2,4,4,4). Vi 5 doan thang nay co thé
tao ra dugc 4 tam giac vdi do dai cac canh dugce chi ra nhu sau:

Tam giac 1: (2, 3, 4)

Tam giac 2: (2,4, 4)

Tam giac 3: (3, 4, 4)

Tam giac 4: (4,4, 4)



Chuyén aé 4

THIET KE GIAI THUAT

Chuyén d& nay trinh bay cac chién luoc thiét ké thuat giai nhu: Quay lui
(Backtracking), Nhanh va can (Branch and Bound), Tham an (Greedy Method),
Chia dé tri (Divide and Conquer) va Quy hoach déng (Dynamic Programming).
Pay 1a cac chién luoc tong quat, nhung mdi phuong phap chi 4p dung duoc cho
mot s6 16p bai toan nhat dinh, chir khong t6n tai mot phuong phap van nang dé
thiét ké thuat toan giai quyét moi bai toan. Cac phuong phap thiét ké thuat toan
trén chi 1a chién luoc, ¢6 tinh dinh hudng tim thuat toan. Viéc ap dung chién luoc
dé tim ra thuat toan cho mot bai toan cu thé con doi hoi nhiéu sang tao. Trong
chuyén dé nay, ngoai phan trinh bay vé& cac phuong phap, chuyén dé con co
nhimg vi du cu thé, cing voi thuat giai va cai dit, dé co cai nhin chi tiét tir viéc
thiét ké giai thuat dén xay dung chuong trinh.

1. Quay lui (Backtracking)

Quay lui, vét can, thtr sai, duyét ... 1a mot s6 tén goi tuy khong ddng nghia nhung
cung chi mdt phuong phap trong tin hoc: fim nghiém ciia mét bdi todn bang cdch
xem xét tat ca cdc phirong dn c6 thé. D6i voi con nguodi phuong phap nay thuong
1a khong kha thi vi s phuong 4n can kiém tra 16n. Tuy nhién dbi véi may tinh,
nhd toc d6 xtr 1i nhanh, may tinh c6 thé giai rit nhidu bai toan bang phuong phap
quay, lui vét can.

Uu diém cua phuong phéap quay lui, vét can 13 luén dam bdo tim ra nghiém ding,
chinh xdc. Tuy nhién, han ché cta phuong phap nay 13 thoi gian thuc thi lau, dé
phue tap lon. Do do vét can thuong chi phu hop voi cac bai todn co kich thudce
nhd.

1.1. Phwong phap

Trong nhiéu bai toan, viéc tim nghiém c6 thé quy vé viéc tim vector hitu han
(X1, X, v\ Xy, .. ), 40 dai vector co thé xac dinh trude hodc khong. Vector nay can
phai thoa man mot sé didu kién tiy thudc vao yéu cau cia bai toan. Cac thanh
phan x; duoc chon ra tir tap hiru han A;.
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Tuy ting trudng hop ma bai toan c6 thé yéu cau: tim mot nghiém, tim tat ca
nghiém hodc dém ) nghiém.

Vi du: Bai toan 8 quan hau.

Can dat 8 quan hau vao ban co vua 8 X 8, sao cho
chung khong tan cong nhau, tic 1a khong c6 hai
quan hau nao cung hang, cung cdt hodc cung duong
chéo.

Vi du: hinh bén 1a mdt cach ddt hau thod man yéu
cau bai toan, cac 6 duoc to mau la vi tri dat hau.

Do céc quan hau phai ndm trén cac hang khac nhau, ta danh sb cic quan hau tir 1
dén 8, quan hau i 13 quan hau nam trén hang tht i (i=1,2,...,8). Goi x; 14 cOt ma
quén hau i ding. Nhu vay nghiém cua bai toan 1a vector (x4, x5, ..., Xg), trong do
1 < x; <8, tuc la x; dugc chon tr tap 4; = {1,2, ...,8}. Vector (xq, x5, ..., Xg) la
nghiém néu x; # x; va hai 6 (i,x;), U, xj) khong nam trén ciing mot dudng chéo.
Vi du: (1,5,8,6,3,7,2,4) la mot nghiém.

Tu tudng cua phuong phap quay lui vét can nhu sau: Ta xay dung vector nghiém
dan ting budc, bat dau tir vector khong ( ). Thanh phan déu tién x;dwoc chon ra
tir tap S; = A;. Gia str dd chon duoc cac thanh phan x4, x,, ..., x;_, thi tir cac diéu
kién cua bai toan ta xac dinh dugc tap S; (cac ung ctr vién co thé chon lam thanh
phan x;, S; 1a tap con cua A;). Chon mot phan tir x; tir S; ta mo rong nghiém duoc
X1, Xz, .., %;. Lap lai qué trinh trén dé tiép tuc mé rong nghiém. Néu khong thé
chon duoc thanh phan x;,, (S;;, rong) thi ta quay lai chon mot phan tir khac cua
S; cho x;. Néu khong con mot phan tir ndo khac cua S; ta quay lai chon mot phan
ttr khac cua S;_4 1am x;_, va clr thé tiép tuc. Trong qua trinh mo rong nghiém, ta
phai kiém tra nghiém dang xay dung di 1 nghiém cta bai toan chua. Néu chi can
tim mot nghiém thi khi gip nghiém ta dirng lai. Con néu can tim tit ca cac nghiém
thi qua trinh chi dimg lai khi tit ca cac kha nang lya chon cua céc thanh phan cua
vector nghi¢m da bi vét can.

Luoc d6 tong quat cua thudt todn quay lui vét can c6 thé biéu dién boi thu tuc
Backtrack sau:

procedure Backtrack;
begin

S1:=Ay;

k:=1;

while k>0 do begin




end;

end;

while S, <> @ do begin
<chon x, € S;>;
Sp:=Sy — {xy};
if (x1, X2,..,%x¢) la nghiém then <Pua ra nghiém>;
k:=k+1;
<Xac dinh S>;
end;
k:=k-1; // quay lui

Trén thyc té, thuat toan quay lui vét can thuong dugc ding bang mé hinh dé quy

nhu sau:

end;
end;

procedure Backtrack (i) ;/ xdy dung thanh phan thit i
begin

<Xac dinh S;>;

for x; € S; do begin

<ghi nh&n thanh phadn tht i>;

if (tim thdy nghiém) then <Pua ra nghiém>
else Backtrack (i+1l);

<loai thanh phén i>;

Khi dp dung lwoc do tong qudt cia thudt todn quay lui cho cdc bai todn cu thé, cé

ba van dé quan trong can lam:

- Tim cach biéu dién nghiém cia bai toan dudi dang mot diy cac ddi
tuong dugc chon dan timg budce (xq, Xy, ..., X;, ... ).

- Xaéc dinh tap S; cac ung ctr vién dugc chon lam thanh phﬁn thir 1 cua
nghiém. Chon cach thich hop dé biéu dién S;.

- Tim céc diéu kién dé mot vector da chon 1a nghiém cua bai toan.

1.2. Mt s6 vi du 4p dung

1.2.1. T6 hop

Mot t6 hop chép k cta n 1a mét tap con k phan tir ctia tip n phén tir.
Chéng han tap {1,2,3,4} c6 cac to hop chap 2 la:

{1,2}, {1,3, {14, {2,3}, {2.4}, {3,4}
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Vi trong tip hop cac phan tir khong phan biét thir tw nén tap {1,2} ciing 1a tap
{2,1}, do d6, ta coi chiing chi 1a mot t6 hop.

Bai toan: Hiy xéac dinh tat ca cc t6 hop chép k cua tip n phan t. Dé don gian ta
chi xét bai toan tim cac td hop clia tp cac sb nguyén tir 1 dén n. Pbi voi mot tap
hitu han bét ki, béng cach danh sd thir tu cua céac phﬁn tu, ta cling dua dugc vé bai
toan d6i voi tap cac sb nguyén tir 1 dén n.

Nghiém ctia bai toan tim céc td hop chap k ctia n phén tir phai thoa mén céc diéu
kién sau:

- Lamdt vector X = (xq, x5, ..., Xx)

- x; lay gia tri trong tap {1,2, ...n}

- Rangbudc: x; < x;4, v6i moi gia triitir 1 dén k — 1 (vi tdp hop khong
phan biét tht ty phan tr nén ta sip xép cac phan tir theo tht tu ting
dan).

Taco: 1< x; <xp <+ <x, <n,do do tap S; (tap cac tng cur vién dugc chon
lam thanh phan tha i) 1a tir x;_; + 1 dén (n — k + i). Dé diéu nay dang cho ca
truong hop i = 1, ta thém vao x, = 0.

Sau déy la chuong trinh hoan chinh, chwong trinh str dung mé hinh dé quy dé sinh
tat ca cac to hop chap k cua n.

program ToHop;

const MAX =20;
type vector =array[0..MAX]of longint;
var X :vector;
n, k :longint;
procedure GhiNghiem(x:vector);
var i :longint;
begin
for i:=1 to k do write(x[1i],"' "),
writeln;
end;

procedure ToHop (i:longint);
var j:longint;
begin
for § := x[i-1]+1 to n-k+i do begin
x[1] := 37
if i=k then GhiNghiem (x)
else ToHop (i+1);
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end;
end;
BEGIN
write ('Nhap n, k:'); readln(n,k);
x[0]:=0;
ToHop (1) ;
END.
Vi du vé Input / Output ciia chwong trinh:
n=14, k=2 1. 1 2
2. 13
3. 1 4
4. 2 3
5. 2 4
6. 3 4

Theo cong thirc, sb lugng t6 hop chap k=2 ctia n=4 la:
nn-1).n-k+1) n!
k!  kl(n—k)!

ck =
1.2.2. Chinh hop lap
Chinh hop lap Ch@p kcuanla m@t day k thanh phén, m(:)i‘thz‘mh phan 1a mét phan
tir ciia tap n phan tu, c6 xét dén thr ty va khong yéu cau cac thanh phan khac
nhau.
Mot vi du dé thdy nhat cua chinh hop lap 1 cac déy nhj phan. Mot dy nhi phan
do dai m 1a mdt chinh hop 1ap chap m cua tap 2 phan tir {0,1}. Cac day nhi phan
do dai 3:
000, 001, 010, 011, 100, 101, 110, 111.

Vi c6 xét thur tu nén day 101 va day 011 1a 2 day khéac nhau.
Nhu vay, bai toan xac dinh tat ca cac chinh hop lip chap k cua tip n phan tir yéu
cau tim cac nghiém nhu sau:

- Lamdt vector X = (xq, Xy, ..., Xg)

- x; lay gia tri trong tap {1,2, ...n}

- Khong c6 rang budc nao gitra cac thanh phan.



Chu v 1a ciing nhu bai toan tim t6 hop, ta chi xét dbi véi tap n sd nguyén tir 1 dén
n. Néu phai tim chinh hop khong phai 1a tap cac sb nguyén tir 1 dén n thi ta c6 thé
danh sb cac phan tir cua tap d6 dé dua vé tap cac s6 nguyén tir 1 dén n.

{sur dung mét mang x[1..n] d@é biéu dién chinh hop Idp.

Thii tuc dé quy sau sinh tdt ca chinh hop Idp chép k ciia n}

procedure ChinhHopLlap (i:longint);
var j:longint;
begin
for j := 1 to n do begin
x[1] := 37
if i=k then GhiNghiem (x)
else ChinhHopLap (i+1);
end;
end;

Vi du vé Input/Output ciia chuong trinh:

n =2, k=3

w J o 0w N

NN R e e
NN R R NN R e
N RN RN RN e

N

Theo cong thirc, sb lugng chinh hop lip chap k=3 ctia n=2 1a:
A =nk=23=38

1.2.3. Chinh hop khong lap

Khac v6i chinh hop lap 1a cac thanh phan dwoc phép lap lai (ttc 1a co thé giéng
nhau), chinh hop khong lap chép k cia tap n (k<n) phan tir ciing 1a mot day k
thanh phan l4y tir tdp n phan tir c6 xét thir tw nhung cac thanh phan khéng duoc
phép giéng nhau.

Vidu: Cé n nguodi, mot cach chon ra k nguoi dé xép thanh mgt hang 1a mot chinh
hop khong 1ap chap k cta n.

Mot truong hop dac biét cua chinh hop khong 1dp 1a hodn vi. Hoan vi cia mét tap
n phan tir 1 mot chinh hop khong 1ip chap n cia n. N6i mét cach truc quan thi
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hoan vi ctia tip n phan tir 1a phép thay d6i vi tri cta cac phan tir (do d6 méi goi 1a
hoan vi).

Nghiém cua bai toan tim cac chinh hqp khéng 1ap chap k cua tap n sd nguyén tir 1
dén n la cac vector X thoa man cac diéu kién:

- X c6 k thanh phan: X = (x4, Xy, ..., X)

- x; lay gia tri trong tap {1,2, ...n}

- Rangbugc: céc gia tri x; d6i mot khac nhau, tire la x; # x; véi moi i # j.
S’au day la chuong trinh hoan chinh, chuong triph sir dung mo hinh dé quy dé sinh
tat ca cac chinh hop khong 1ap chap k cua n phan tu.

program ChinhHopKhongLap;

const MAX =20;
type vector =array[0..MAX]of longint;
var X :vector;
d rarray[l..MAX]of longint; {nuhgtidékﬁm
soat rang bugc cac gia tri x; doi mot khac nhau, x; # x; véi moi i # j}
n,k :longint;
procedure GhiNghiem(x:vector);
var i :longint;
begin
for i:=1 to k do write(x[i]," '");
writeln;
end;

procedure ChinhHopKhongLap (i:longint);
var j:longint;

begin
for 7 := 1 to n do
if d[j]=0 then begin
x[1] = 37
dafjl := 1;
if i=k then GhiNghiem (x)
else ChinhHopKhongLap (i+1);
dafjl := 0;
end;
end;
BEGIN
write ('Nhap n, k(k<=n):'); readln(n,k);




fillchar (d, sizeof (d),0);
ChinhHopKhongLap (1) ;
END.

Vi du vé Input / Output ctia chuong trinh:

n =3, k=3

1
2
3.
4
5
6

N P w P w DN
PN B Ww N W

w w DD NN P

Theo cong thirc, s6 lwong chinh hop khong 1ap chap k=3 cta n=3 1a:
!

Ak =nn-1..(n—k+1) = i

6

1.2.4. Bai todn xép 8 quan hiu

Trong bai toan 8 quan hau, nghiém cta bai toan c6 thé biéu dién dudi dang vector
(x4, X5, ..., Xg) thoa man:

1) x; 1a toa do cdt cia quan hau dang dung o dong thu i, x; € {1,2, ...,8}.

2) Céac quan hau khong dimg cung cot tirc 1a x; # x; voi i # j.

3) C6 thé dé dang nhan ra rang hai 6 (x1,y1) va L.

(X2,y2) nam trén cung duong chéo chinh (trén xuong

dué6i) néu: x;—y;=xo—y», hai 6 (x1,y1) va (X2,y2) ndm

trén cing dudng chéo phu (tr dudi 1én trén) néu:

X1+y1=X2+Y2, nén di€u kién d€ hai quan hau xép ¢

hai 6 (i, x), (j, xj) khong nam trén cing mot duong

E—x)# (0 —x)
(i+xl-)¢(j+xj)

chéo la: {

Do d6, khi da chon dugc (x4, x5, ..., Xk—1) thi x;, dugc chon phai thoa man cac

diéu kién:

k—x,#i—x; v6imoil<i<k

{ xkixi
k+x,#i+x



Sau day 1a chuong trinh day du, dé liét ké tit ca cac cach xép 8 quan hau 1én ban
cO vua 8x8.

program XepHau;
type vector =arrayl[l..8]of longint;
var X :vector;
procedure GhiNghiem(x:vector);
var i :longint;
begin
for i:=1 to 8 do write(x[i]," '");
writeln;
end;
procedure XepHau(k:longint);

var Sk rarray[l..8]of longint;
xk,i,nSk :longint;
ok :boolean;

begin

{Xdc dinh tdp Sy la tdp cdc vmg cir vién c6 thé chon lam thanh phan x)}
nSk:=0; {luc lwong cua tdp S;}
for xk:=1 to 8 do {thirlan lwot timg gid tri 1, 2, ...,8)
begin
ok:=true;
{kiém tra gid tri cé thé chon lam ieng cir vién cho x; dwoc hay khéng}
for 1:=1 to k-1 do

if not ( (xk<>x[i])and (k-xk<>i-x[1i])
and (k+xk<>i+x[1i])) then
begin
ok:=false;
break;
end;

if ok then begin {cé thé chon lam vmg cir vién cho x; ,két nap
vao tdp Si}
inc (nSk) ;
Sk[nSk] :=xk;
end;
end;
{chon gia tri x; tir tap Si}
for i:=1 to nSk do begin
x[k]:=Sk[i];
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if k=8 then GhiNghiem (x)
else XepHau (k+1);
x[k]:=0;

end;
end;
BEGIN
XepHau (1) ;
END.

Viéc xac dinh tap Sk co thé thuc hién don gian va hi€u qua hon bﬁng cach su dung
cac mang danh du. Cu thé, khi ta dat hau i ¢ 6 (i.x[i]), ta s& danh dau cot x[i]
(ding mot mang danh ddu nhu & bai toan chinh hop khéng Idp), danh ddu duong

chéo chinh (i-x[i]) va danh ddu dudng chéo phu (i+x[i]).

procedure GhiNghiem(x:vector);

var i :longint;

begin
for i:=1 to n do write(x[i]," "),
writeln;

end;
procedure xepHau(k:longint);
var i1 :longint;

cot[i1]:=1;
cheoChinh[k-1]:=1;
CheoPhul[k+i]:=1;

if k=n then GhiNghiem (x)
else xepHau (kt1);

cot[1]:=0;

const n =8;

type vector =array[l..n]Jof longint;

var cot tarray[l..n]Jof longint;
cheoChinh rarray[l-n..n-1]of longint;
cheoPhu :array[1+1..n+nJof longint;
X :vector;

begin
for i:=1 to n do
if (cot[1]1=0) and (cheoChinh[k-1]=0)
(cheoPhu[k+1]=0) then
begin
x[k]:=1i;

and
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cheoChinh[k-1]:=0;
CheoPhul[k+1i] :=0;
end;
end;
BEGIN
fillchar (cot,sizeof (cot),0);
fillchar (cheoChinh, sizeof (cheoChinh),0);
fillchar (cheoPhu, sizeof (cheoPhu),0) ;
xepHau (1) ;
END.

Bai toan xép hau c6 tat ca 92 nghiém, mudi nghiém dau tién ma chuong trinh tim
duoc la:

1. 15863724
2. 16837425
3.17 468253
4. 1758246 3
5. 2468 31765
6. 25713 8 6 4
7..257418¢63
8. 261748 35
9. 26 831475
10. 27 3 6 8 51 4

1.2.5. Bai todn mdy rit tién tw dpng ATM
Mot may ATM hién c¢6 n (n < 20) to tién c¢6 gia ty, ty, ..., t,. Hiy dua ra mot
cach tra v6i sb tién ding bang S.
Dit liéu vao ti file “ATM.INP” co dang:

- Dongdaula2sénvas

- Dong thtr 2 gdm n s0 ty, t,, ..., t,
Két qua ra file “ATM.OUT” ¢6 dang: Néu c6 thé tra dung S thi dua ra cach tra,
néu khong ghi -1.

ATM.INP ATM.OUT

10 390 20 20 50 50 50 100 100
200 10 20 20 50 50 50 50 100 100

Nghiém ctia bai toan 1a mot ddy nhi phan d6 dai n, trong d6 thanh phan thr i bang
1 néu to tién thr i duoc sir dung dé tra, bang 0 trong trudng hop nguoc lai.
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X = (%1, %3, ..., X)) la nghiém néu: Xy Xt +x, Xty ++x, Xt, =S

Trong chuong trinh dudi diy c6 s dung mot bién ok dé kiém soat viéc tim
nghiém. Ban dau chua co nghiém, do d6 khéi tri ok=FALSE. Khi tim dugc
nghiém, ok s€ dugc nhan gia tri bﬁng TRUE. Néu ok=TRUE (da tim théy nghiém)
ta s& khong can tim kiém nita.

const MAX =20;
fi ='ATM.INP';
fo ='ATM.OUT"';
type vector =array[l..MAX]of longint;
var t rarray[l..MAX]of longint;
X, XS :vector;
n, s, sum :longint;
ok :boolean;
procedure input;
var f ttext;
i :longint;
begin

assign(f, fi); reset (f);
readln(f,n, s);

for i:=1 to n do read(f,t[i]):;
close (f);

end;
procedure check (x:vector);
var i :longint;
f ttext;
begin

if sum = s then begin
XS :1=X;
ok:=true;
end;
end;
procedure printResult;

var i :longint;
f ttext;
begin

assign(f, fo); rewrite(f);
if ok then begin

for i:=1 to n do
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if xs[i]=1 then write(f,t[i],"' ")
end
else write(f,'-1");
close (f);
end;
procedure backTrack(i:longint);
var j :longint;
begin
for j:=0 to 1 do begin
x[1]:=3;
sum:=sum + x[i]1*t[1i];
i1f (i=n) then check (x)
else 1f sum<=s then backTrack (i+1) ;
if ok then exit; {néuddtim dwoc nghiém thi khéng duyét nita)
sum:=sum - x[1]*t[1];
end;
end;
BEGIN
input;
ok:=false;
sum:=0;
backTrack (1) ;
PrintResult;
END.

2. Nhanh va céan

2.1. Phuong phap

Trong thuc té, c6 nhiéu bai toan yéu cau tim ra mot phuwong an thoa man mot sd
diéu kién nao do, va phuong &n do 1a tdt nhat theo mot tidu chi cu thé. Cac bai
toan nhu vay dugc goi 1a bai toan t8i wu. Co nhiéu bai toan tdi wu khong c6 thuat
toan nao thuc sy hitu hiéu dé giai quyét, ma cho dén nay van phai dya trén mo
hinh xem xét toan bd cac phuong an, roi danh gia dé chon ra phuong an tot nhat.
Phuong phap nhanh va can 1a mot dang cai tién ciia phuwong phap quay lui, dwoc
ap dung dé tim nghiém cta bai toan tdi wu.

Gia str nghiém cutia bai toan c6 thé biéu dién dudi dang mot vector (xy, X, ..., Xp,),
mdi thanh phﬁn x; (i=1,2,..,n) dugc chon ra tir tap S;. Madi nghiém cua bai toan
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X = (x4, %y, ..., X,), duoc xac dinh “dé t6t” bang mot ham f(X) va muyc tiéu can
tim nghiém c6 gia tri £ (X) dat gia tri nho nhat (hoic dat gia tri 16n nhat).

Tu tudng cta phuong phdp nhanh va can nhu sau: Gia su, da xay dung duoc k
thanh phan (x4, X5, ..., Xx) ciia nghiém va khi mé rong nghiém (xq, Xy, ..., Xg4+1),
néu biét rang tat ca cac nghiém mé rong ctia nd (xq, Xy, ..., Xx41, ... ) déu khong t6t
bang nghiém tot nhat di biét ¢ thoi diém d6, thi ta khéng cAn mé rong tir
(x4, X5, ..., X ) nlta. Nhu vay, v4i phuong phap nhanh va cén, ta khong phai duyét
toan bd cac phuwong 4n dé tim ra nghiém t6t nhat ma bang cach danh gia cac
nghiém mé rong, ta c6 thé cit bo di nhitng phuong an (nhanh) khong can thiét, do
d6 viéc tim nghiém t6i wu s& nhanh hon. Cai kho nhat trong viéc ap dung phuong
phap nhanh va can 1a danh gia duogc cac nghiém mé rong, néu danh gia dugc tot
s& gitip bo qua duoc nhiéu phuong an khong can thiét, khi d6 thuét toan nhanh can
s€ chay nhanh hon nhiéu so vé6i thuét toan vét can.

Thuét toan nhanh cén c6 thé mé ta bing mé hinh dé quy sau:

procedure BranchBound (i) ;//xdy dung thianh phan thir i
begin

<b&nh gid céc nghiém md rdng>;

if (cac nghiém m& réng  déu khoéng tbt hon
BestSolution) then exit;

<X&c dinh S;>;

for x; € S; do begin
<ghi nh&n thanh phdn tha i>;
if (tim thdy nghiém) then <C&p nhat BestSolution>
else BranchBound (i+1) ;
<loai thanh phan i>;

end;

end;

Trong thu tuc trén, BestSolution 13 nghiém tt nhat da biét & thoi diém d6. Thu
tuc <cap nhat BestSolution> s& xac dinh “dd tot” cua nghi¢ém mai tim théy,
néu nghiém moi tim thay tt hon BestSolution thi BestSolution s& duoc
cap nhat lai 1a nghiém mdi tim dugc.



2.2. Giai bai toan nguoi du lich bang phwong phap nhanh cin.
Bz‘li‘ toan. Cho n thanh phd danh s tir 1 dén n va cac tuyén duong giao thong hai
chiéu gilra chiing, mang luéi giao thong n@y dugc cho bf?i n}éng C[l..nzl..n], o
day C;j = C;; 1a chi phi di doan duong tryec ti€p tir thanh pho 1 dén thanh pho j.
Mot ngudi du lich xudt phat tir thanh phd 1, mudn di thim tat ca cac thanh phd
con lai moi thanh phd ding 1 1an va cuf?i cung quay lai thanh pho 1. Hay chi ra
cho nguoi doé hanh trinh voi chi phi it nhat. Bai toan dugc goi 1a bai todn nguoi du
lich hay bai toan nguoi chao hang (Travelling Salesman Problem - TSP)
Dir liéu vao trong file “TSP.INP” co dang:

- Dong dau chira s6 n(1<n<20), 1a sé thanh phd.

- n dong tiép theo, mdi dong n s6 mo ta mang C
Két qua ra file “TSP.OUT” ¢6 dang:

- Dong dau 1a chi phi it nhat

- Dong thtr hai mo ta hanh trinh
Vidu 1:

TSP.INP TSP.OUT Hinh minh hoa

4 97

0 20 35 42 1->2->4->3->1
20 0 34 30
35 34 0 12
42 30 12 0

Vidu 2:

TSP.INP TSP.OUT Hinh minh hoa

4 117

0 20 35 10 1->2->4->3->1
20 0 90 50
35 90 0 12 10 20
10 50 12 0

20

~
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Giai

1) Hanh trinh can tim ¢6 dang (x; =1, X2, ..., Xp, Xpr1 = 1), & day gilta x; va
Xi+1: hai thanh phd lién tiép trong hanh trinh phai c6 dudng di truc tiép;
trir thanh phé 1, khong thanh phé nao dwoc lap lai hai 1an, co nghia 1a

day (xi, X2, ..., Xy) 1ap thanh mot hoan vi cua (1, 2, ..., n).

2) Duyét quay lui: X, c6 thé chon mot trong cac thanh phd ma x; ¢6 duong
di truc tiép t61, voi mdi cach thir chon x, nhu vay thi x5 ¢ thé chon mot
trong cac thanh phd ma x, c6 duong di t6i (ngoai x,). Tong quat: x; c6
thé chon 1 trong cac thanh phé chwa di qua ma tir x;.; c6 dudng di truc

tiép t61.(2 <i<n).

3) Nhanh can: Khéi tao cdu hinh BestSolution c6 chi phi = +oo. Vi mbi
budc thur chon x; xem chi phi dudng di cho t6i1 lic d6 c6 nho hon chi phi
ciia cAu hinh BestSolution khong? néu khong nhé hon thi thur gia tri
khac ngay béi co di tiép ciing chi ton thém. Khi thir dwgc mot gia tri x,
ta kiém tra xem x, c6 duong di tryc tiép vé 1 khong ? Néu c6 danh gia
chi phi di tir thanh phd 1 dén thanh phd x, cong véi chi phi tir x, di truc
tiép vé 1, néu nho hon chi phi cua duong di BestSolution thi cap nhat lai

BestSolution bang cach di méi.

program TSP;

const MAX =20;
00 =1000000;
fi ='TSP.INP';
fo ='TSP.OUT"';
var C rarray[l..MAX,1..MAX]of longint;
x,bestSolution :array[l..MAX]Jof longint;
d rarray[l..MAX]of longint;
n :longint;
sum, best :longint;

procedure input;
var f ttext;
i,j,k :longint;
begin
assign(f, fi); reset(f);
read (f,n);
for i:=1 to n do
for j:=1 to n do read(f,C[i,3]):;
close (f);
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end;
procedure update;
begin
if sum+C[x[n],x[1]]<best then begin
best:=sum+C[x[n],x[1]];
bestSolution:=x;

end;
end;
procedure branchBound (i:longint);
var j :longint;
begin

if sum>=best then exit;
for j:=1 to n do
if d[j]=0 then begin

x[1]:=3;
d[jl:=1;
sum:=sum + C[x[i-1],7];
if i=n then update
else branchBound (i+1);

sum:=sum - C[x[i-1],7];
d[j]:=0;
end;
end;
procedure init;
begin
fillchar(d, sizeof (d),0);
dfl]:=1;
x[1]:=1;
best:=00;
end;
procedure output;
var f ttext;
i :longint;
begin

assign(f, fo); rewrite(f);

writeln (f,best);

for 1:=1 to n do write(f,bestSolution([i], '->");
write (f,bestSolution[1]);

close (f);
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end;

BEGIN
input;
init;
branchBound (2) ;
output;

END.

Chuong trinh trén 1a mot giai phap nhanh can rat thd so giai bai toan TSP, co thé
c6 nhiéu cach danh gia nhanh cn chit hon nita lam ting hiéu qua cua chuong
trinh.

2.3. Bai toan may rut tién tw dong ATM
Bai toan
Mot may ATM hién co n (n < 20) to tién c6 gia ty, t, ..., t,. Hiy tim cach trd it
to nhat véi so tién ding bang S.
Dit liéu vao tir file “ATM.INP” co dang:

- Dongdiula2sénvas

- Dong thtr 2 gom n s0 tq, ty, ..., ty
Két qua ra ﬁl? “ATM.OUT” ¢6 dang: Néu c6 thé tra tién ding bang S thi dva ra
sO tO it nhat can tra va dua ra cach tra, néu khong ghi -1.
ATM.INP ATM.OUT

10 390 5
200 102020 50 50 50 50 100 100 | 20 20 50 100 200

Gidi
Nhu ta da biét, nghiém ciia bai toan 1a mot day nhi phan d6 dai n, gia sir da xay
dung dugc k thanh phan (xq, X5, ..., X3), dd tra duoc sum va st dung c to. Dé
danh gia duoc cac nghiém mo rong ctia (xq, Xy, ..., Xx), ta nhan thay:

- Conphditrda § — sum , ‘

- Goi tmax[k] 1a gia cao nhat trong céc to tién con lai (tmax[k] =

., L ) n S—sum
MAX{ty41,-.,t,}) thi it nhat can st dung thém p———

to ntra.
S—sum
tmax[k]
thi khong can mé rong cac nghiém cua (x4, x5, ..., Xx ) nira.

Do do, néu ¢ + ma 1én hon hodc bang so t& cua céach tra tot nhat hién co



const MAX =20;

fi ='ATM.INP';
fo ='ATM.OUT"';
type vector =array[l..MAX]Jof longint;
var t, tmax rarray[l..MAX]of longint;
X, xbest :vector;
c,cbest :longint;
n, s, sum :longint;
procedure input;
var f ttext;
i :longint;
begin

assign(f, fi); reset (f);
readln(f,n, s);
for i:=1 to n do read(f,t[i]);
close (f);
end;
procedure init;
var i :longint;

begin
tmax[n] :=t[n];
for i:=n-1 downto 1 do begin
tmax[i] :=tmax[i+1];
1f tmax[i]<t[i] then tmax[i]:=t[i];
end;
sum:=0;
c:=0;
cbest:=n+1;
end;

procedure update;

var i :longint;
f ttext;
begin

if (sum = s) and (c<cbest) then begin
xbest:=x;
cbest:=c;
end;
end;
procedure printResult;
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var i :longint;
f ttext;
begin
assign(f, fo); rewrite(f);
if cbest<n+l then begin
writeln (f, cbest);
for i:=1 to n do
if xbest[i]=1 then write(f,t[i]," ");
end
else write(f,'-1");
close (f);
end;
procedure branchBound (i:longint);
var j :longint;
begin
if ¢ + (s-sum)/tmax[i] >= cbest then exit;
for j:=0 to 1 do begin
x[1]:=3;
sum:=sum + x[i]1*t[1i];
c:=c + Jj;
if (i=n) then update
else i1if sum<=s then branchBound (i+1) ;

sum:=sum - x[i]1*t[i];
c:=c - Jj;
end;
end;
BEGIN
input;
init;

branchBound (1) ;
PrintResult;
END.

3. Tham an (Greedy Method)

Phuong phap nhanh cin 13 cai tién phuong phap quy lui, 3 danh gia duoc cac
nghiém mé rong dé loai bo di nhitng phuong an khong can thiét, gitp cho viéc tim
nghiém t6i wu nhanh hon. Tuy nhién, khéng phai luc nao ching ta ciing c6 thé
danh gia duoc nghiém mé rong, hoic néu c6 danh gia dugc thi sé phuong an can
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x6t van rat 16n, khong thé dap tmg duoc trong thoi gian cho phép. Khi d6, ngudi
ta chdp nhan tim nhiing nghiém gin ding so voi nghiém tSi wu. Phuong phap
tham an duoc sir dung trong cac trudng hop nhu vay. Uu diém ndi bat cia phuong
phap tham an 1a d6 phutrc tap nho, thudong nhanh chong tim dugc 101 giai.

3.1. Phuong phap

Gia sir nghiém cia bai toan co thé biéu dién dudi dang mot vector (xy, Xy, .., Xy,),
mdi thanh phan x; (i = 1,2,..,n) duoc chon ra tir tap S;. Mdi nghiém cia bai toan
X = (x4, %y, ..., X,), duoc x4c dinh “dé tét” bang mot ham f(X) va muc tiéu can
tim nghiém co gia tri £(X) cang 16n cang tot (hodc cang nho cang tdt).

Tu tudng ctua phuong phép tham dn nhu sau: Ta xdy dung vector nghiém X dan
timg budc, bit dau tir vector khong ( ). Gia st di xay dung duoc (k-1) thanh phan
(X1, X3, .., Xg—q) cta nghiém va khi mé rong nghiém ta s& chon xj, “tot nhét”
trong cac Gmg ctr vién trong tp Sy dé duoc (x1, Xy, ..., xy). Viée lua chon nhu thé
duoc thuc hién boi mdt ham chon. Cur tiép tuc xay dung, cho dén khi xay dung
xong hét thanh phan ctua nghiém.

Luoc do tong quat cua phuong phap tham an.

procedure Greedy;
begin
X:=0;
i:=0;
while (chua x4y dung xong hét thanh phan cta nghiém) do
begin
i:=i+1;
<X&c dinh S;>;
xeselect (S;) ; //chon img cik vién tot nhdt trong tdp S;
end;
end;

Trong lugc dd téng quat trén, Select 1a ham chon, dé chon ra tur tdp céc Ung cu
vién S; mét ing ctr vién dugc xem la tot nhat, nhiéu hira hen nhat.

Can nhin manh r?mg, thuat toan tham an trong mot sb bai toan, néu xady dung
dugc ham thich hop c6 thé cho nghi¢m t61 vu. Trong nhi€u bai todn, thuat toan
tham an chi tim dugc nghiém gan ding véi nghiém tdi uu.

3.2. Bai toan nguoi du lich

(Bai toan ¢ muc 2.2)



C6 nhiéu thuat toan tham an cho bai nay, mot thuat toan véi y tuong don gian nhu
sau: Xuét phat tir thanh phé 1, tai moi budc ta s& chon thanh phé tiép theo la thanh
phd chua dén tham ma chi phi tir thanh phd hién tai dén thanh phd d6 1a nho nhat,
cu thé:
+ Hanh trinh cin tim c6 dang (x; = 1, X, ..., Xp, X1 = 1), trong do day (x;,
X2, ..., Xp) 1ap thanh mot hoan vi cua (1, 2, ..., n).
+ Ta xdy dung nghiém timg budc, bat dau tir x,=1, chon x, 1a thanh phd gan
X, nhat, sau d6 chon x; 1a thanh phd gan x, nhit (x; khac x,)... Tong quat:
chon x; 1a thanh ph chwa di qua ma gan x;.; nhat.(2 <i <n).

program TSP;

const MAX =100;

00 =1000000;

fi ='TSP.INP';

fo ='TSP.QOUT"';
var c rarray[l..MAX,1..MAX]of
longint;

X rarray[l..MAX]of longint;

d rarray[l..MAX]of longint;

n :longint;

sum :longint;

procedure input;
var f ttext;
i,Jj,k :longint;
begin
assign(f, fi); reset(f);
read (f,n);
for i:=1 to n do
for j:=1 to n do read(f,C[i,3]):
close (f);

end;
procedure output;
var f ttext;
i :longint;
begin

assign (f, fo); rewrite(f);
writeln (f, sum) ;

for i:=1 to n do write(f,x[i],"'->");
write (f,x[1]):

80



close (f);
end;
procedure Greedy;
var i,j,xi :longint;
best :longint;
begin
x[1]:=1;
d[l]:=1;
i:=1;
while i<n do begin
inc (1) ;
// chon ikng cir vién tot nhat
best:=00;
for j:=1 to n do
if (d[j]=0) and (c[x[i-1],jl<best) then begin
best:=c[x[i-1],7];
xi:=7;
end;
x[1]:=x1i; //ghi nhdn thanh phan nghiém thi i
d[xi]:=1;
sum:=sum+c [x[i-1],x[1i]];
end;
sum:=sum+c [x[n],x[1]];
end;
BEGIN
input;
Greedy;
output;
END.

Vi du 1. Xuét phat tir thanh phd 1, ta xdy dung duoc hanh trinh 1 2> 4> 31
v6i chi phi 97, day 1a phuong an t6i wu.

20
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Vi du 2. Xuat phat tir thanh phd 1, ta xay dung dugc hanh trinh 1> 4> 3> 2->1
v6i chi phi 132, nhung két qua t6i wu 1a 117.

20

10 a0

3.3. Bai toan may rat tién ty dong ATM
(bai todn & muc 2.3)
Thuét toan v&i y tuong tham dn don gian, ham chon nhu sau: Tai moi budc ta sé
chon to tién 16n nhat con lai khong vuot qua lugng tién con phai tra, cu thé:
- Sép xép cac O tién giam dan theo gia tri.
- Lan luot xét céac to tién tur gia tri 1on dén gia tri nhd, néu van con chua lay
du S va to tien dang xét ¢o gia tri nhé hon hodc bang S thi lay ludn to tién

do.
const MAX =100;
fi ='ATM.INP';
fo ='ATM.OUT"';
type vector =array[l..MAX]of longint;
var t rarray[l..MAX]of longint;
b :vector;
c :longint;
n,s :longint;
procedure input;
var f ttext;
i :longint;
begin
assign(f, fi); reset (f);
readln(f,n, s);
for i:=1 to n do read(f,t[i]);
close (f);
end;
procedure greedy;
var i, 7 :longint;




tmp :longint;
begin
fillchar(x,sizeof (x),0);
{sdp xép cdc to theo gid tri giam dan}
for i:=1 to n-1 do
for j:=i+1 to n do
if t[i]<t[j] then begin
i

]
tmp:=t[i];
tlil:=t[J];
t[j] :=tmp;

end;

c:=0;
for i:=1 to n do
if s>=t[i] then
begin
inc(c);  {s6 lwong to lay)
x[1]:=1; {t0iduocliy}
s:=s-t[i];
end;
end;
procedure printResult;

var i :longint;
f ttext;
begin

assign(f, fo); rewrite(f);
if s=0 then begin
writeln (f,c);
for i:=1 to n do
if x[1]=1 then write(f,t[i],"' ");
end
else write (£, '-1"); {néukhéng ldy dwoc di S, $>0)
close (f);
end;
BEGIN
input;
greedy;
PrintResult;
END.




Cac b0 test thir nghiém

test | Dt 1iéu vao Két qua tim dugc
1 10 390 5

200 10 20 20 50 50 50 50 100 100|200 100 50 20 20
2 11 100 8

50 20 20 20 20 20 2 2 2 2 2 50 20 20 2 2 2 2 2
3 6 100 -1

50 20 20 20 20 20

Véi bo test (1), thuat toan tham an cling cho dugc nghi¢ém tdi uvu. Tuy nhién, véi
bo test (2), thuat toan tham an khong cho nghiém tdi uu va vai bo test (3), thuat
toan tham an khong tim nghiém mac du c6 nghiém.

3.4. Bai toan lap lich giam thiéu tr& han
Bai toan:
C6 n cong viée danh s tir 1 dén n va c6 mot may dé thyuc hién, biét:

- p; la thoi gian can thiét dé hoan thanh cong viéc i.

- d; la thoi han hoan thanh cong viéce i.
May bt dau hoat dong tur thoi diém 0. M6i cong vige can duge thuc hién lién tuc
tir luc bat dau cho toi khi két thuc, khong dugc phép ngit quing. Gia sir ¢; 1a thoi
diém hoan thanh cong viéc i. Khi d6, néu ¢; > d; ta ndi cong viéc i bi hoan thanh
tré han, con néu ¢; < d; thi ta ndi cong viée i dugc hoan thanh dung han.
Yéu cau: Tim trinh ty thuc hién céc cong viéc sao cho ) cong viéc hoan thanh tré
han 12 it nhat (hay sb cong viéc hoan thanh ding han 13 nhiéu nhét).
Dirt liéu vao trong file “JS.INP” co dang:

- Dong dau la sé n (n < 100) la s6 cong viée

- Dong thr hai gom n s6 la thoi gian thyc hién cac cong viée

- Dong thtr ba gdm n s6 1a thoi han hoan thanh céc cong viéc
Két qua file “JS.OUT” ¢6 dang: gbm mot dong 1a trinh ty thuc hién cac cong
viéc.
Vi du: gid st ¢6 5 cong viéc voi thoi gian thuc hién va thoi gian hoan thanh
nhu sau:

pi 16135 |7 |2
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d; | 814151203

Néu thuc hién theo tht tu 1, 2, 3, 4, 5 thi s& ¢6 3 cong viéc bi tré han 1a cong viéc
2,4 va 5. Con néu thyc hién theo thu tu 5, 1, 3, 4, 2 thi chi c6 1 cong viéc bi tré
han 1a cong viéc 2, day la tha ty thuc hién ma s6 cong viéc bi tré han it nhét
(nghiém t61 uu).

Gidi

Ta c¢6 hai nhan x¢ét sau:

+ Néu thtr tu thuc hién cac cong viéc ma c6 cong viéc bi tré han dugc xép trudc
mot cong viéc dung han thi ta s€ nhan dugc trinh ty tot hon bang cach chuyén
cong viée tré han xudng cudi cung (vi dang nao coéng viéc nay ciing bi tré han).

Vi du: tha tu 1, 2, 3, 4, 5 ¢6 cong viée 2 bi tré han xép trudc cong viée 3 dung
han, ta chuyén cong viéc 2 xudng cuoi cung d€ nhan duogc thu tu: 1, 3, 4, 5, 2, thi
tu nay chi c6 2 cong viéc bi qua han la cong viéc 5 va 2.

Nhu vdy, ta chi quan tim dén viéc xép lich cho cac coéng viéc hoan thanh dung
han, con cac cong viée bi tré han cé thé thuc hién theo trinh tu bat ki.

+ Gia sur Js 1a tap gém k cong viéc (ma ca k cong viéc nay déu co thé thuc hién
dang han) va ¢ = (iy, i5,.., i) 1a mot hoan vi cia cac cong viéc trong /s sao cho
di, <d;, <--<d; thitht ty o 1a tho tu dé hoan thanh dung han duoc ca k
cong viéc.

Vi du: Js gdm 4 cong viée 1, 3, 4, 5 (4 cong viée ndy déu co thé thyc hién ding
han), ta c6 thr tu thyc hién 0 = (5,1,3,4) vids =3<d; =8<d3=15<
d, =20 dé ca 4 cong viéc déu thue hién dtng han.

Str dung chién luge tham an, ta xay dung tap cong viéc Js theo tung budc, ban
dau Js = @. Ham chon duoc xay dung nhu sau: tai mdi budce ta s& chon cong vige
Job;ma c6 thoi gian thue hién nhé nhét trong sb cac cong viée con lai cho vao tap
Js. Néu sau khi két nap Job;, cac cong viéc trong tdp Js déu c6 thé thuc hién ding
han thi ¢6 dinh viéc két nap Job; vao tap Js, néu khong thi khong két nap Job;. Dé
don gian, ta gia sir rang cac cong viée dugc danh sd theo thtr ty thoi gian thuc
hién ting dan p; < p, < -+ < p,,. Ta o luoc dd thuat toan tham in nhu sau:

procedure JobScheduling;
begin
]S = (b;

for 1i:=1 to n do




if cdc céng viéc trong tap (JsU{Job;}) hoan thanh ding
han then
Js=]sU{i};

for i:=1 to n do

if Job; € Js then JsU{Job;});
end;

Sau day la chuong trinh hoan chinh:

const MAX =100;
fi ='js.inp"';
fo ='js.out';
type TJob =record

p, d :longint;
name :longint;

end;

TArrJobs =array[l..MAX]of TJob;
var jobs, Js :TArrJobs;

d rarray[l..MAX]of longint;

n,m :longint;
procedure input;
var f ttext;

i :longint;

begin

assign(f, fi);
reset (f);
readln(f,n);
for i:=1 to n do read(f,jobs[i].p):
for i:=1 to n do read(f,jobs[i].d);
close (f);
for i:=1 to n do jobs[i].name:=1i;
end;
procedure swap(var jl,j2:TJob);
var tmp :TJob;

begin
tmp:=731;
Jjl:=32;
J2:=tmp;
end;

function check(var Js:TArrJobs; nJob:longint) :boolean;
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var i,3j :longint;
t :longint;
begin
for i:=1 to nJdob-1 do
for j:=i+1 to ndob do
if Js[i].d>Js[j].d then swap(Js[i],Jds[j]):
t:=0;
for i:=1 to nJob do begin
if t+Js[i].p>Js[i].d then exit (false);
t:i=t+Js[i].p;
end;
exit (true) ;
end;
procedure Greedy;
var i,Jj :longint;
Js2 :TArrJobs;
begin
for i:=1 to n-1 do
for j:=i+1 to n do
if Jjobs[i].p > jobs[J].p then
swap (jobs[1],jobs[]]);
fillchar (d,sizeof (d),0);
m:=0;
for i:=1 to n do begin
Js2:=Js;
Js2[m+1] :=jobs[i];
if check(Js2,m+1l) then begin

m:=m+1;

Js:=Js2;

d[i]:=1;
end;

end;
//writeln (m) ;
for i:=1 to n do
if d[i]=0 then begin
m:=m+1;
Js[m] :=jobs[i];
end;
end;
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procedure printResult;

var f ttext;
i :longint;
begin

assign(f, fo); rewrite(f);
for 1i:=1 to n do write(f,Js[i].name,' ');
close (f);
end;
BEGIN
input;
Greedy;
printResult;
END.

Chu y: Thuat toan tham #n trinh bay trén ludn cho phuong an tbi wu.

4. Chia dé trj (Divide and Conquer)
4.1. Phwong phap

Tu tudng cta chién luge chia dé tri nhu sau: Ngudi ta phan bai toan can giai thanh
cac bai toan con. Cac bai toan con lai dugc tiép tuc phéan thanh cac bai toan con
nhoé hon, ctr thé tiép tuc cho t61 khi ta nhan dugc cac bai toan con hoac da cé thuat
giai hodc 1a c6 thé d& rang dua ra thuat giai. Sau d6 ta tim cach két hop cac
nghiém cua céc bai toan con dé nhan duoc nghiém cua bai toan con l6n hon, dé
cudi cing nhan duoc nghiém cua bai toan can giai. Thong thudng cac bai toan con
nhan duoc trong qua trinh phén chia 1a cing dang voi bai toan ban dau, chi ¢ c&

cua chung la nhé hon.

Thuét toan chia dé tri c6 thé biéu dién bang mé hinh dé quy nhu sau:

procedure DivideConquer (A, x); //tim nghiém x cua bai toan A
begin
if (A du nhodé) then Solve (A)
else begin
Phédn A thanh céc bai toan con A;, 2,, .., A,
for i:=1 to m do DivideConquer (A;, X;);

con A; dé nhan duoc nghiém ctia bai todn A;
end;

end;

Két hop cac nghiém x; (i=1,2,..,m) cua cac bai toéan
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Trong thu tuc trén, Solve(A) l1a thuat gidi bai toan A trong truong hop A c6 cd du
nhd.

Trong thuit toan tim kiém nhi phan va thuat toan sip xép nhanh-QuickSort (¢
chuyén dé sip xép) 1a hai thuat toan duoc thiét ké dua trén chién luoc chia dé tri.
Sau day, chung ta s& tim hiéu mot s6 vi du minh hoa cho phuong phép chia dé tri.

4.2. Bai toan tinh a"
Bai toan: Cho s6 a va s nguyén duong n, tinh a™

Cdch 1: Sir dung thuat toan 1dp, mat n phép nhan dé tinh a™

procedure power (a,n:longint;var p:longint);
{gid tri a" sé dwoc leu vao bién p)
var i : longint;
begin
p:=1;
for i:=1 to n do p:=p*a;
end;
var a, n, p : longint;
BEGIN
write('Nhap a, n:'); readln(a, n);
power (a,n,p);
write (p):;
END.

Cdch 2: Ap dung ki thuat chia dé tri, ta tinh a™ dwa vao a” (trong d6 k = n div 2)
nhu sau:

- néunchin: a® = a* x a*

- néunl&a®=afxakxa

kdiw2 qui trinh chia nhé cho dén khi nhan dugc bai

Pé tinh a¥ ta lai dua vao a
toan tinh a® thi ding.
Vi du: tinh 9"

- bai toan duoc tinh dua trén bai toan con 9°, ta c6 913 = 9° x 97

- bai toan 9° duoc tinh dya trén bai toan con 9%, ta c6 96 = 93 x 93

- bai toan 9° duoc tinh dya trén bai toan con 9', ta ¢6 913 = 91 x 91 x 91

Thu tuc d¢ quy power (a, n, p) sau thé hién ¥ tuong trén.

procedure power (a,n:longint; var p:longint);

var tmp : longint;
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begin

if (n=1) then p:=a

else begin
power (a,n div 2, tmp);
if (n mod 2=1) then p:=tmp*tmp*a
else p:=tmp*tmp;

end;

end;

hodc viét dudi dang ham nhu sau:

function power (a,n:longint) :longint;
var tmp : longint;
begin
if (n=1) then exit (a)
else begin
tmp:=power (a,n div 2);
if (n mod 2=1) then exit (tmp*tmp*a)
else exit (tmp*tmp) ;
end;
end;

bé danh gia thoi gian thyc hién thuat toén, ta tinh ) phép nhan phai su dung, goi
T'(n) 1a s6 phép nhén thyc hién, ta cé:
T(1)=0
n .
T() < T(5)+1+1 néun>1
2
n
22
Nhu vay, thuat toan chia dé tri mat khong qua 2logn phép nhan, nho hon rat
nhiéu so voi n phép nhan.

T(n)ST(%)+2ST( )+2+2< - < 2logn

4.3. Bai toan Dif f

Bai toan: Cho rpéng s nguyén A[1..n], can tim Dif f(A[1..n]) = A[j] — A[i]
datgiatrilénnhatma 1 <i <j <n.

Vi du: mang gom 6 s6 4, 2, 5, 8, 1, 7 thi d6 léch can tim 1a: 6

Cdch 1: Thir tat ca cac cap chi sb (i, j), 46 phirc tap O(N?)

procedure find(var maxDiff:longint);
var i,3j :longint;
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begin
maxDiff:=0;
for i:=1 to n do
for j:=i to n do
if al[j]l-ali]l>maxDiff then maxDiff:=a[jl-ali];

end;

Cdch 2: Ap dung ki thuat chia dé tri, ta chia mang A[1..n] thanh hai mang con
A[l.. k] vaA[(k + 1)..n] trong d6 k = n div 2, ta co:

Diff(A[1..k])

Diff(A[(k + 1)..n])

MAX(A[(k + 1)..n]) — MIN(A[1..k])

Néu tim duoc do 1éch (Diff), gia tri 16n nhat (MAX) va gia tri nho nhat (MIN)
ctia hai mang con A[1..k] va A[(k + 1)..n], ta s& dé rang xac dinh duoc gia tri
Dif f (A[1..n]). Bé tim d6 léch, gia tri 16n nhat va gia tri nhoé nhét cta hai mang
con A[1..k] va A[(k + 1)..n], ta lai tiép tuc chia d6i chiung. Qu4 trinh phan nho
bai toan dirng lai khi ta nhan dwoc bai toan mang con chi c6 1 phan tir. Tir phuong
phép da trinh bay ¢ trén, ta xay dung thu tuc d¢ quy

Diff(A[1..n])

find2 (1, r,maxDiff, maxValue, minValue)
tim gia tri do 1éch, gia tri 16n nhat, gia tri nho nht trén mang All..r] voi
1<l<r<n

if 1=r then begin
maxDiff:=0;
maxValue:=al[r];

const MAXN =100000;
fi ='';
fo ='';
var a rarray[l..MAXN]of longint;
n :longint;
maxdiff :longint;
tmpl, tmp2 :longint;
procedure find2 (1, r:longint;var
maxDiff,maxValue,minValue :longint);
var mid :longint;
maxD1l, maxV1l, minV1l :longint;
maxD2, maxV2, minV2 :longint;
begin
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minValue:=a([r];

end

else begin
mid:=(l+r) div 2;
find2 (1, mid, maxDl, maxV1l,minV1l);
find2 (mid+1, r, maxD2, maxV2, minV2);
maxDiff:=maxV2 - minV1;
if maxDiff < maxDl then maxDiff := maxDl;
if maxDiff < maxD2 then maxDiff := maxD2;
if maxVl > maxV2 then

maxValue:=maxV1l else maxValue:=maxV2;
if minVl < minV2 then

minValue:=minV1l else minValue:=minV2;

end;
end;
procedure input;
var f ttext;

i :longint;
begin

assign(f, fi); reset (f);
readln(f,n);
for i:=1 to n do read(f,alil]);
close (f);
end;

BEGIN
input;
find2 (1,n,maxDiff, tmpl, tmp2) ;
writeln (maxDiff) ;

END.

Goi T(n) 1a s6 phép toan can thuc hién trén mang n phan tir A[1..n], ta cé:

0 néun =1
) = T(g) +T(g) +a néun>1
Gia sir, n = 2%, bang phuong phap thé ta co:
Tn) =TRK =2TR* VD +a=2QTR2*?) +a)+a
=22TRR* ) +2a+a=--=23T(2F3 +22+2+1
=2T(D) + 2 a+ - +2a+a=2 - Da=n-1a



Do phtrc tap thudt toan 1a: O(N)

4.4. Lat nén

Hay lat nén nha hinh vudng canh n = 2% (2 < k < 10) bi khuyét mét phan tu tai
goc trén phai (khuyét phan 2) bang nhimng vién gach hinh thudc thg tao boi 3 6
vudng don vi.

Nén nha (k = 3) Gach hinh thuéc thy Mt cich lit nén
Gidgi. Ta chia nén nha thanh 4 phan (hinh bén
phai), mdi phan c6 hinh dang giéng véi hinh
ban ddu nhung c6 canh giam di mot nira. Nhu
vay, néu co thé 1at nén voi kich thudc 2% thi ta
hoan toan c6 thé 14t nén véi kich thuge 25+1,

Thu tuc d¢ quy cover (x, vy, s, t) dudi day
s& lat nén co kich thudc s, bi khuyét phan
t (t =1,2,3,4) co toa do trai trén 1a (x, y).

const MAXSIZE =1 shl 10;
var a rarray[l..MAXSIZE,1..MAXSIZE]of longint;
count, k :longint;
procedure cover (x,y,s,t:longint);
begin
if s = 2 then begin

inc (count) ;
if t<>1 then al
if t<>2 then al[x,y+1l]:=count;
if t<>3 then al[x+1l,y]:=count;
if t<>4 then a]

exit;

X,y] :=count;

x+1,y+1] :=count;
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end;

if t=1 then begin

cover (x,y+ts div 2,s div
cover (x+s div 2,y,s div

cover (x+s div 2,y+s div

(
(
(
cover (x+s div 4,y+s div
end;

if t=2 then begin

cover (x,y,s div 2,4);
cover (x+s div 2,vy,s div

cover (x+s div 2,y+s div

(
(
(
cover (x+s div 4,y+s div
end;

if t=3 then begin

cover (x,y,s div 2,4);
cover (x,yts div 2,s div

cover (x+s div 2,y+s div

(
(
(
cover (x+s div 4,y+s div
end;

if t=4 then begin

cover (x,y,s div 2,4);
cover (x+s div 2,y,s div

cover (x,y+ts div 2,s div

(
(
(
cover (x+s div 4,y+s div
end;

end;
procedure output;
var i,j :longint;
f ttext;
begin

assign(f, 'cover.out');
for 1i:=1 to 1 shl k do

begin

for j:=1 to 1 shl k do write(f,ali,J],"

writeln (£f);
end;

2,3);
2,2);

2,s div 2

4,s div

2,2);
2,s div
4,s div

2,3);

2,s div 2

4,s div

2,2);
2,3);
4,s div

rewrite (f);

')
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close(f);
end;
BEGIN
write('k="');readln(k);
cover(1,1,1 shl k,2);
output;
END.
Vi du vé Input / Output ctia chuong trinh:
k=3 11330000
14430000
2413130000
221316 0000
5514161615 9 9
581414151512 9
6 88710121211
6 67 710101111
4.5. Thap Ha Noi

Cho 3 cai coc va n dia co kich thudc
khéac nhau. Ban dau ca n dia déu & coc 1
va duoc xép theo thuo tu dia to ¢ dudi,

dia nho ¢ trén. Hay di chuyén ca n dia tir
coc 1 sang coc 3 theo quy tic sau: @

- Mot 1an chi duge chuyén mot dia
- Trong qua trinh chuyén dia, c6 thé sir
dung coc 2 lam coc trung gian va mdt

dia chi duogc dat Ién mot dia 1on hon.

Gidi

bé chuyén n dia tir coc 1 sang coc 3 ta s€ thyc hién nhu sau:
- chuyén (n — 1) dia tir coc 1 sang coc 2, st dung coc 3 1am coc trung gian
- chuyén 1 dia tir coc 1 sang coc 3

- chuyén (n — 1) dia tir coc 2 sang coc 3, st dung coc 1 1am coc trung gian



’ T
ééé £

procedure move (n :longint;src,dst,tmp:longint);
begin
if n = 1 then writeln('move ',src,' ',dst)

else begin
move (n-1, src, tmp,dst) ;
move (1, src,dst, tmp) ;
move (n-1, tmp,dst, src) ;

end;

end;

4.6. Bai toan sip xép mang bang thuit toin tron (Merge Sort)

Bai toan: Cho mang s nguyén A[1..n], can sip xép cac phan tir ciia mang theo
thir ty ting dan.

Gidi: Ta chia mang A[1..n] thanh hai mang con A[1..k] va A[(k + 1)..n] trong
d6 k = n div 2. Gia st, hai mang con A[1..k] va A[(k + 1)..n] da duogc sap xép
tang dan, ta s& tron hai mang con dé dugc mang A[1..n] ciing sip xép ting dan.
Dé sip xép hai mang con A[1..k] va A[(k + 1)..n] ta lai tiép tuc chia d6i chiing,
Thii tuc dé quy MergeSort(i,j) sip xép ting dan mang con A[i..j]véi1 <i <j <
n. Dé sap xép ca mang A[1..n], ta chi can goi thi tuc nay véii = 1,j = n.

procedure MergeSort (i, j:longint);

var k : longint;

begin

if (i<3j) then begin
k:=(i+3) div 2;
MergeSort (i, k) ;
MergeSort (k+1,3);
Merge (i, k,3)

o {thtu tuc Merge (i, k, j') tfén hai mang con Afi..k], A[(k+1)..j] da duoc

sap xép thanh mang A[i..j] ciing dwoc sap xép}

end;

end;
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Viéc tron hai mang con di duogc sip xép A[i.. k] va A[(k + 1)..j] thanh mang
A[i.. j] cling duoc sap xép c6 thé thyuc hién trong thoi gian O(j — i + 1), 1a bai tap
3.8 & chuyén dé Séap xép. Thudt todn MergeSort c6 d phike tap la O(nlogn).

5. Quy hoach déng (Dynamic programming)
5.1. Phuwong phap

Trong chién lugc chia dé tri, nguoi ta phan bai toan can giai thanh cac bai toan
con. Cac bai toan con lai dugc tiép tuc phan thanh cac bai todn con nho hon, cu
thé tiép tuc cho t6i khi ta nhan dugc cic bai toan con c6 thé giai duoc dé dang.
Tuy nhién, trong qua trinh phan chia nhu vy, c6 thé ta s& gap rat nhiéu lan cing
mdt bai toan con. Tu tudng co ban cua phuong phdp quy hoach dong la sir dung
mot bang dé luu gitr 101 giai ctia cac bai toan con da dugc giai. Khi giai mot bai
toan con can dén nghiém cua bai toan con ¢& nho hon, ta chi can ldy 101 giai ¢
trong bang ma khong can phai giai lai. Chinh vi thé ma cac thuat toan duoc thiét
ké bang quy hoach dong s& rat hiéu qua.
Dé giai quyét mot bai toan bang phuong phap quy hoach dong, ching ta can tién
hanh nhiing cong viéc sau:
- Tim nghiém ciia cic bai toan con nho nhat.
- Tim ra cong thirc (hodc quy tic) xdy dung nghiém ciia bai toan con thong
qua nghiém ctia cac bai toan con ¢d nhé hon.
- Tao ra mdt bang luu gitt cac nghi¢m cua cac bai todn con. Sau do tinh
nghi¢m cua céc bai toan con theo cong thirc da tim ra va luu vao bang.
- Tir cic bai toan con da giai dé tim nghiém cia bai toan.
Sau ddy, chung ta s& tim hiéu mot s6 vi du minh hoa cho phuong phap quy
hoach dong.

5.2. S6 Fibonacci

S6 Fibonacci dugc xéac dinh boi cong thic:

FO = 0

Fl - 1

FTL :Fn—l +FTL—2 vé'in 2 2
Hay xéc dinh s6 Fibonacci thir n.

Cdch 1: Ap dung phuong phép chia dé tri, ta tinh F, dua vao F,_; va F,_,.



function F(n: longint): into64;

begin

if n <=1 then F :=n

else F := F(1 - 1) + F(1 - 2);
end;
BEGIN

readln (n);
Writeln (F (n));
END.

Ham dé quy F(n) dé tinh sé Fibonacci thir n. Vi du n = 6, chuong trinh chinh goi
F(6), n6 s& goi tiép F(5) va F(4) dé tinh ... Qua trinh tinh toan c6 thé v& nhu ciy
du6i day. Ta nhan thdy dé tinh F(6) nd phai tinh 1 1an F(5), hai lan F(4), ba lan
F(3), ndm lan F(2), ba lan F(1).

F(6)
Y Y
[ 7o) | [ F |

Cdach 2: Phuong phép quy hoach dong.

Ta st dung mang S[0.MaxN], S[i] dé luu lai 16i giai cho bai toan tinh sb
Fibonacci thur 1.

const MaxN =50;
var S rarray[0..MaxN]of int64;
n, k :longint;
function F(n:longint) :int64;
begin
if S[n]=-1 then
begin

{bai todn chwea dwoc gidi thi sé tién hanh gidi)
if n<=1 then S[n]:=n
else S[n]:=F(n-1) + F(n-2);
end;
{néu bai toan da dwoc gidi thi khéng can gidi nita ma ldy luén két qua)
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end;
BEGIN
readln (n);
for k:=0 to MaxN do S[k]:=-1;
writeln (F(n)) ;
END.

Ta nhan théy, mdi bai toan con chi duogc giai ding mot lan. Hay cai dat ca 2
chuong trinh trén va thir chay voi n = 40 dé thiy dugc sy khac biét!
Ta ciing c6 thé cai dit phuong phap quy hoach dong cho bai toan nhu sau:

const maxN =50;
var S : array[0..maxN] of Int64;
longint;
BEGIN
readln (n) ;
S[0] :=1; s[1] := 1;
for i := 2 to n do
S[i] := S[1 - 1] + S[1 - 2];
Writeln(S[n]):;
END.

Trude hét nd tinh sdn S[0] va S[1], tir d6 tinh tiép S[2], lai tinh tiép duoc S[3],
S[4]..., S[n]. Pam bao rang mdi gié tri Fibonacci chi phai tinh 1 1an.

5.3. Ddy con don diéu ting dai nhat

Cho day $b nguyén A = aj, az, ..., &, (0 < 1,000: -10000 < a; < 10000). Mot day
con cua A la mot cach chon ra trong A mot s6 phan tir gitt nguyén thir tu. Nhu vay
A ¢6 2" day con.

Yéu cau: Tim day con don diéu ting ciia A c6 d6 dai 16n nhét.

Vidu: A=(1,2,3,4,9,10,5,6,7,8). Diy con don diéu ting dai nhét 1a: (1, 2, 3,
4,5,6,7,8).

Gidi

B sung Vé.(? A h?i phén/ tl"J::‘ ap = -0 va An+1 = +oo. Khi do day con don diéu tang
dai nhat chdc chan sé bat dau twr ay va ket thuc ¢ a,+;.

V6iVi: 0<i<n+ 1. Tasétinh L[i] = d6 dai diy con don di¢u ting dai nhat bat
dau tai a;.
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1. Bai todn nhé nhit

L[n + 1] = D6 dai diy con don diéu ting dai nhit bit dau tai a,; = +oo. Diy con
nay chi gdbm mdi mot phan tir (+o0) nén L[n + 1] = 1.

2. Cong thirc

Gia st voi i tir n dén 0, ta can tinh L[i]: do dai day con tang dai nhét bat dau tai a;.
L[i] dugc tinh trong diéu kién L[i + 1], L[i + 2], ..., L[n + 1] d3 biét:

Diy con don diéu ting dai nhét bat dau tir a; sé duoc thanh 1ap bang cach 1y a;
ghép vao dau mot trong sb nhitng ddy con don diéu ting dai nhat bat dau tai vi tri
a; dung sau a;.

Ta s& chon diy nao dé ghép a; vao dau? Tat nhién 1a chi dugc ghép a; vao dau
nhitng diy con bat dau tai aj nao do 16n hon a; (dé dam bao tinh ting) va di nhién
ta s€ chon day dai nhat d€ ghép a; vao dau (dé dam bao tinh dai nhat). Vay L[i]
duoc tinh nhu sau:

Xét tdt ca cdc chi sé j trong khodng tiri + 1 dén n + 1 ma a; > a;, chon ra chi s6
jmax co Lfjmax] lon nhat. Pat L[i] := L[jmax] + 1.

3. Truy vét

Tai budc xay dung day L, méi khi tinh L[i] := L[jmax] + 1, ta dat T[i] = jmax.

Dé luu lai rang: Day con dai nhat bat dau tai a; s& co phan tir thir hai ké tiép 1a
ajmax. Sau khi tinh xong hay diy L va T, ta bat dau tir 0. T[0] 1 phan tir dAu tién
duoc chon,

T[T[0]] 1& phan tir thir hai dugc chon,

T[T[T[0]]] 1 phan tir th&t ba duwoc chon ...

Qué trinh truy vét ¢6 thé dién ta nhu sau:

i := TI[O0];
while i <> n + 1 do

{Chung nao chua duyét dén sé an+l=+w & cubi}

begin
<Théng bao chon a;>
i := TI[i];

end;

Vidu:v61A=(5,2,3,4,9,10,5,6,7,8).
Hai day Length va Trace sau khi tinh sé& la:
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A

~ 1 &

a; -00 5 2 3

Length[i] |9 5 |8 |7

Tracel[1] 2 8 |3 (4 |7 |6 11 |8

(@)
W
N
(V)]
O | | &N
W
\S]
—

10 |11

Truy vét > —> > >— >3 — >

Const max = 1000;

var
a, L, T: array[0..max + 1] of longint;
n: longint;

procedure Enter; {Nhap dir liéu}
var
i: longint;
begin
Write('n = '); Readln(n);
for i := 1 to n do
begin
Write('a[', 1, '] = "); Readln(ali]):
end;
end;

procedure Optimize; {Ouy hoach dong}
var
i, j, Jmax: longint;

begin
~al0] := -32768; aln + 11 := 32767;  {Thém hai phan tic canh hai
dau day a}
Lln + 1] := 1; {Pién co sé quy hoach dong vao bang phwong an}
for i := n downto 0 do
begin
{Chon trong cdc chi s6 j dimg sau i thod man aj > ai ra chi s6 jmax ¢6 Lfjmax] 1on nhdt}
jmax := n + 1;
for 3 (=1 + 1 ton + 1 do
if (al[j] > ali]) and (L[j] > L[jmax]) then jmax
=3
L[i] := L[jmax] + 1; {Luud daiddy con tang dai nhat bdt dau tai ai}
T [i] := Jmax; {Luwu vét: phan tir diing lién sau a; trong ddy con ting
dai nhadt do la e}
end;
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Writeln('Length of result : ', L[0] - 2);{Chiéu dai day con
tang dai nhat}
i = TI[O0]; {Bdt ddu truy vét tim nghiém)}
while 1 <> n + 1 do
begin
Writeln('al', i, '] ="', alil);
i = T[1];
end;
end;
begin
Enter;
Optimize;
end.

5.4. Day con chung dai nhit
Cho hai s6 nguyén duong M,N (0 < M,N < }00) va hai diy sb nguyén,: A,
As,..., Am va By, B,,...,Bn. Tim mQt day dai nhat C 1a déyr con chung dai nhat ctia
hai day A V?l B, nhan duoc tir A ,bér,lg cach xo04 di mot s sO hang va cling nhan
duoc tir B bang cach xo04 di mot s6 so hang.
Dit liéu vao trong file LCS.INP co dang:

+ Dong thu nhét chira M s Ay, As,..., AMm

+ Dong thur hai chira N sb B4, B,,...,Bn.
Dir liéu ra trong file LCS.OUT co dang:

+ Dong thi nhét ghi s6 k 14 s6 s6 hang cta day C.

+ Dong tht hai chira k s6 1a cac s6 hang cua day C.
Gidi
Cﬁp xay dung mang L[0..M, 0..N] v6i y nghia: L[i, j] 1a d§ dai cia day chung dai
nhat cua hai day A[0.. i] va B[0..j].
Puong nhién néu mot day la rong (sb phﬁn tir 1a 0) thi ddy con chung ciing 1a rong
vivay L[0,j]=0V],j=1.. N, L[i, O]=OYi,i= I.M.V6i M>i>0vaN2>j>
0 thi L[1, j] dugc tinh theo cong thirc truy hoi sau:

L[i,j] =Max{L[1, j-1], L[i-1,j], L[i-1, j-1] + x}

(v6i x = 0 néu A[i] = B[j] , x=1 néu A[i]=B[j])
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const fi = 'LCS.INP';
fo = 'LCS.OUT';
MaxMN 100;

var f : text;

a,b : array[0..MaxMN]
1 : array[0..MaxMN, 0. .MaxMN]

m,n : longint;

jo) : array[0..MaxMN]

count : longint;
procedure Enter;
var £ : text;
begin
m := 0;
n := 0;
assign(f, fi);
reset (f);
while not eoln(f) do
begin
inc (m) ;
read (f,a[m]) ;
end;
readln (f);
while not eoln(f) do
begin
inc(n);
read (f,b[n]);
end;
close (f);
end;
function max(x,y : longint)
begin
if x>y then max := vy
else max := y;
end;
procedure Optimize;
var i,3j : longint;
begin
for i:=1 to m do 1[i,0]
for j:=1 to n do 1[0,7]
for i:=1 to m do
for j:=1 to n do
begin

of longint;

of longint;

longint;

of longint;

o)




if a[i]=b[j] then 1[i,3j] := 1[i-1,3-1]1 + 1
else 1[i,j] := max(l[i,3-11,1[i-1,731);
end;
end;
procedure Trace;
var f : text;
i,J : longint;
begin
assign (f, fo);
rewrite (f);
writeln(f,1[m,n]);
i := m;
J o= n;
fillchar (p,sizeof (p),0);
count:= 0;
while (i>0) and (3j>0) do
begin
if al[i]l=b[j] then
begin
inc (count) ;
plcount] := aflil;
dec (1) ;
dec(3) s
end
else if 1[i,j1=1[i,J-1] then dec(j)
else dec(1);
end;
for i:=count downto 1 do write(f,p[i],"' "):
close (f);
end;
BEGIN
Enter;
Optimize;
Trace;
END.

5.5. Bai toan cai tui

Trong si€u thi c6 n goi hang (n < 100), go1i hang thir i c6 trong luong 1a W; < 100
va tri gid V; < 100. Mot tén trdm dot nhap vao si€u thi, strc cia té€n trom khong thé
mang duoc trong luong vugt qua M ( M < 100). Hoi tén trom sé& ldy di nhitng goi
hang nao dé duoc téng gia tri 16n nhat.

104



Gidi
Néu goi Bfi, j] la gid tri I6n nhat c6 thé 6 bang cach chon trong cac g01 {1,2,.

i} voi giéi han trong lwong j. Thi gia tri 16n nhat khi dwgc chon trong sb n goi véi
gi61 han trong lugng M chinh la B[n, M].

1. Cong thirc tinh BYi, j].

Vi gidi han trong lugng j, viéc chon tdi uu trong sb céac goi {1,2,..1-1,1} dé

c6 gia tri 16n nhit s& co hai kha nang:

e Néu khong chon goi thir i thi B[i, j] 1a gid tri 10n nhat c6 thé bang cach chon
trong s6 cac goi {1, 2, ..., i- 1} voi gidi han trong lwong 1a j. Téc 1a B[i, j] =
B[i-1,j]

e Néu co chon géi thir i (tat nhién chi xét téi truong hop nay khi ma W; < j) thi
BI[i, j] bang gia tri goi thtr i 13 V; cong voi gid tri 16n nhat c6 thé c6 duoc bang
cach chon trong sb cac goi {1, 2, ..., i- 1} véi gidi han trong luong j - W;. Tirc
13 vé mit gia tri thu dwoc: B[, j]=Vi+BJ[i- 1, j - Wi]

Vi theo cach xay dung B[i, j] 1a gia tri 10n nhit c6 thé nén no sé& 1a max trong hai

gia tri thu dugc ¢ trén.

2. Co so quy hoach dong:

D@ thiy B[0, j] = gia tri 16n nhét c6 thé bang cach chon trong s6 0 gbi = 0.

3. Tinh bdang phwong dan:

Bang phuong 4n B gdm n + 1 dong, M + 1 ¢ot, trude tién dugce dién co s quy

hoach dong: Dong 0 gom toan sb 0. Str dung cong thirc truy hoi, diung dong 0 tinh

dong 1, dung dong 1 tinh dong 2, v.v... dén khi tinh hét dong n.

0o 1 .. M

0O [0 |0 |O |O
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4. Truy vét:

Tinh xong bang phuong 4n thi ta quan tdm dén b[n, M] d6 chinh 14 gi4 tri 16n nhat
thu duoc khi chon trong ca n goi v6i gidi han trong lwong M. Néu b[n, M] = b[n -
1, M] thi tic 12 khong chon géi th n, ta truy tiép b[n - 1, M]. Con néu b[n, M] #
b[n - 1, M] thi ta théng bao riang phép chon ti wu c6 chon gbi thtr n va truy tiép
b[n - 1, M - W,]. Ct tiép tuc cho t6i khi truy 1én téi hang 0 ciia bang phuong éan.

+ V[i])

const
max = 100;
var
W, V array[l..max] of longint;
B : array[0..max, 0..max] of longint;
n, M longint;
procedure Enter;
var
i: longint;
begin
Write('n = '); Readln(n);
for i := 1 to n do
begin
Writeln ('Pack ', 1i);
Write (' + Weight ')Y; Readln(W[i]);
Write (' + Value ')Y; Readln(VI[i]):;
end;
Write('M = '); Readln (M) ;
end;
procedure Optimize;
var
i, j: longint;
begin
FillChar(B[0], SizeOf (B[O0]), 0);
for i := 1 to n do
for 7 := 0 to M do
begin
B[i, j] :=B[i - 1, J1;
if (3 >= W[i]) and (B[i, j] < B[i-1,3-W[i]]
then
Bli, j] :=B[i1 -1, J - W[i]] + VI[i];
end;
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end;
procedure Trace;
begin

Writeln ('Max Value : ', B[n, M]);

Writeln('Selected Packs: '");

while n <> 0 do

begin
if B[n, M] <> B[n - 1, M] then
begin
Writeln('Pack ', n, "W =", W[n], ' Value ="', V[n]);
M :=M - W[n];
end;
Dec (n) ;
end;

end;
BEGIN

Enter;

Optimize;

Trace;
END.

Bai tap

4.1.

Cho danh sach tén ctia n (n < 10) hoc sinh (cac tén d6i mot khac nhau) va
mot s6 nguyén duong k (k < n). Hiy liét ké tat ca cac cach chon k hoc sinh
trong n hoc sinh.

Vi du:
Dt 1liéu vao Két qud ra
n=4k=2, danh sdch | C6 6 cach chon 2 hoc sinh trong
tén hoc sinh nhu sau: 4 hoc sinh:
An 1. An Binh
Binh 2. An Hong
Hong 3. An Minh
Minh 4. Binh Hong
5. Binh Minh
6. Hong Minh
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4.2. Mot day nhi phan do dai n (n < 10) la mét day x = x4, ... x, trong do
x; € {0,1},i = 1,2,..,n. Hay liét ké tit ca cac diy nhi phan d6 dai n

Dt 1liéu vao |Két qua ra

n=3 C6 8 d&y nhi phén dd dai 3
000
001
010
011
100
101
110
8. 111

~ o O w N

4.3. Cho x4u S (d6 dai khong vuot qua 10) chi gdm cac ki tu A’ dén 'Z’ (cdc ki
tir trong xdu S doi mot khdc nhau). Hiy 1iét ké tit ca cac hoan vi khac nhau

cua xau S.

Dt 1iéu vao | K&t qua ra

S="XYZ7' Co6 6 hoadn vi khd&c nhau cua 'XYZ'
1. XYz
2. XZY
3. YXZ
4. YzX
5. ZXY
6. ZYX

4.4. Cho s6 nguyén duong n (n < 20),hdy liét ké tat ca cac xau d6 dai n chi gdbm
2 ki tw ‘A" hodc ‘B’ ma khong ¢6 2 ki tu ‘B’ nao ding canh nhau.

Dt 1iéu vao |Két qua ra
n=4% Co6 8 xdu do dai 4
1. AAAA
2. AAAB
3. AABA
4. ABAA
5. ABAB
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6. BAAA
7. BAAB
8. BABA

4.5. Cho diy s6 A gdbm N(N < 10) sb nguyén ay,a,, ..., ay va mot sd nguyén
duong K (1 < K < N). Hiy dua ra mot cach chia diy s thanh K nhom ma
cac nhom c6 tong bang nhau.

D&t liéu vao Két qua ra
N=5, S=3 nhém 1: 4, 6
Day sb a: nhém 2: 1, 9
1, 4, 6, 9, 10 nhém 3: 10

4.6. Mot xau X = xx;..xpm dugc goi 1a xau con cua xau Y = y1y2..yn néu ta c6 thé
nhan duogc xau X tor xau Y bﬁng cach xo4 di mot s6 ki tu, tirc 1a tdn tai mot
day céc chi sb:
1< <ip, <+<iy <N dé X1 = Yip X2 = Vi oo Xn = Viy,

Vi du: X='adz' 1a xau con cua xau Y=baczdtz';i; =2 < i, =5 < i3 ="7.
Nhap vao mot xau S (d6 dai khong qua 15, chi gdm cac ki ty 'a' dén 'z"), hay
liét ké tat ca cac xau con khac nhau cua xau S.

Dt 1iéu vao | K&t qua ra
S='aba' Cé 6 xau con khé&c nhau cua 'aba'
1. a
2. b
3. aa
4. ab
5. ba
6. aba

4.7. Cho s6 nguyén duong n (n < 10), liét ké tat ca cac cach khac nhau dit n
ddu ngodc md va n dau ngoic dong ding dén?

Dt 1liéu vao | K&t qua ra

n=3 Cé 5 céach

((C ). (CHCNCNO.OC 2).000
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4.8. Chon (n < 10) sb nguyén duong ay, a,, ..., a, (a; < 10%). Tim sd nguyén
dwong m nho nhét sao cho m khong phan tich duoc dudi dang tong ciia mot
s6 céac sd (mdi sé sir dung khong qua mot 1an) thude n sd trén.

4.9.

D@ 1liéu vao

Két qud ra

n=4
Day sb a:
1, 2, 3, 6

13

Cho x4u S (d6 dai khong vuot qua 10) chi gdm cac ki tw ‘A’ d&én 'Z' (cdc ki
tw trong xdu S khong nhdt thiét phdi khdc nhau). Hay liét ké tat ca cac hoan
vi khac nhau cua xau S.

D liéu vao

Két qua ra

='ABA'

1. AAB
2. ABA
3. BAA

C6 3 hoan vi khé&c nhau cua

'ABA'

4.10. Bai todn ma di tuan

4.11.

Cho ban c¢d n X n 8, tim cach di chuyén mot quan ma (mi di chuyén theo

luat cd vua) trén ban cd xuat phat tir 6 (1,1) di qua tit ca cac 6, mdi 6 qua

dung mot lan.

Vi du: N=5

1 24 |13 |18 |7
141198 23|12
9 2 25| 6 17
20115 | 4 11| 22
3 1021 |16 |5

So si€u nguyén to 1a s6 nguyén t6 ma khi bo mot so tuy y cac chir s6 bén
phai ctia n6 thi phan con lai van tao thanh mot s6 nguyén to.

Vi du: 2333 12 mot sb siéu nguyén td c6 4 chir s6 vi 233, 23, 2 ciing 1a cac

sO nguyén to.
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4.12.

4.13.

Cho sb nguyén duong N (0< N <10), dwa ra cic sb siéu nguyén t6 c6 N chir
s6 cung s6 luong cia ching.

Vidu: Véi N=4

C6 16 sb: 2333 2339 2393 2399 2939 3119 3137 3733 3739 3793 3797
5939 7193 7331 7333 7393

Cho mot xau S (chi gébm cac ki ty '0' dén '9', d6 dai nho hon 10) va sb
nguyén M, hay dua ra mdt cach cheén vao S cac dau '+ hodc '-' dé thu dugc
s6 M cho trude (néu co thé).

Vidu: M =38, S='123456789' mdt cach chén: '-1+2-3+4+5-6+7",

Trong cd vua quan tuong chi ¢ thé di chuyén theo
duong chéo va hai quan tuong co thé chiéu nhau
néu ching nam trén duong di chuyén cia nhau.
Trong hinh bén, hinh vuéng t6 dam thé hién cac vi
tri ma quan tuong B; c6 thé di t6i dugc, quan tuong
B, va B, chiéu nhau, quan B; va B; khong chiéu EREEE B
nhau. Cho kich thuéc N cua ban co va K quan
tuong, hoi c6 bao nhiéu cach dat cac quan tuong
vao ban cd ma cac quan tuong khong chiéu nhau.

Dt liéu vao trong file: “bishops.inp” c6 dang:

- Dong dau 1a s6 t 14 s6 test (t<10)

- t dong sau mdi dong chira 2 sb nguyén dwong N, K (2<N<10, 0<K<N?)
Két qua ra file: “bishops.out” gdm t dong, mdi chita mot s6 duy nhat 1a s6
cach dat cac quan tuong vao ban co tuwong ung voi dir liéu vao.

4.14. N-mino 13 hinh thu dugc tir N hinh vuéng 1x1 ghép lai (canh ké canh). Hai

n-mino duoc goi 13 dong nhat néu chung co thé dat chong khit 1én nhau.
Cho s nguyén duong N (1<N<8), tinh va v& ra tat ca cac N-mino trén man
hinh.

Vi du: V6i N=3 chi c6 hai loai N-mino sau day:

3-mino thing 3-mino hinh thuéc tho

4.15. Trong muc 2.2, 1i giai bai toan TSP 1a mot giai phap nhanh cén rét tho so.

Hay thir chay chuong trinh véi truong hop nhu sau: s6 thanh phd n = 20,
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khoang céch giita cac thanh phd bang 1 (nghia 1a C[i,j] = 1 v6i i # j). Hay
rt ra nhan xét va c6 thé danh gia nhanh can chat hon nira 1am tang hiéu qua
cua chuong trinh.

4.16. Cho ban ¢ qubc té 8x8 6, mdi 6 ghi mot sb nguyén duong khong vuot qua
32000.
Yéu cau: Xép 8 quan hau Ién ban c& sao cho khong quan nao khéng ché
duoc quan ndo va téng cac sd ghi trén cic 6 ma quan hiu ding 1a 16n nhat.
Dit liéu vao: gdbm 8 dong, mdi dong ghi 8 sb nguyén duong, giira cac sd
cach nhau mét dau cach.

Két qua ra: mot s6 duy nhat 1a dap so cia bai toan.

Dt liéu vao Két qua ra
1249 3214 66

6 9542 314
362341283

237 32142
12323921

21 342 42 8

21 328421

8 2342312

4.17. Mot chiée ba 16 ¢o thé chia duge mot khoi lugng w. Co n (n < 20) dd vat
duoc danh s6 1,2,..,n. Db vat i c6 khoi lugng a; va cé gia tri c;. Cén chon
cac dd vat cho vao ba 16 dé tong gid tri cac do vat 1a 1on nhat.

4.18. Dominoes

C6 N quan Domino xép thanh mot hang

\ ~ ® o
nhu hinh vé o o ® ° )
X ~ . . N . . .
Moi quan Domino dugc chia lam hai e o le ®
phan, phan trén va phan dudi. Trén mat ¢ .. ® .. °

mbi phan ¢o tir 1 dén 6 ddu chim.
Ta nhan thiy rang:

Téng s6 dau chidm & phan trén cia N quan Domino bang: 6+1+1+1=9, tong
s6 ddu chdm ¢ phan dudi cia N quin Domino bang 1+5+3+2=11, d6 chénh
léch giira tong trén va tong dudi bang [9-11[=2



4.19.

4.20.

Vé6i mdi quan, ban c6 thé quay 180° dé phan trén trd thanh phan dudi, phan
dudi trd thanh phén trén, va khi d6 do chénh léch ¢ thé dugc thay doi. Vi du
nhu ta quay quan Domino cudi ciing cta hinh trén thi d6 chénh léch bang 0
Bai toan dit ra 1a: Can quay it nhit bao nhiéu quan Domino nhat dé do
chénh 1éch giita phan trén va phan dudi 1a nho nhat.
Dit liéu vao trong file: “DOMINO.INP” co dang:

Dong dau 14 sé nguyén duong N (1<N<20)

N dong sau, mdi dong hai sb a;, bjla s6 diu chAm & phén trén, s6 diu chdm

& phan dudi ctia quan Domino thtr i (1< a;, b; <6)
Két qua ra file: “DOMINO.OUT” ¢6 dang: Gom 1 dong duy nhat chira 2 sb
nguyén cach nhau mét dau cach la do chénh léch nho nhat va s6 quan
Domino cin quay it nhat dé dugc do chénh léch do.
Cho mot luéi MxN (M, N<10) 6, mdi 6 dit mot bong deén bat hoic tat. Trén
mdi dong va mdi cot c6 mot cong tic. Néu tac dong vao cong tic dong i
(i=1..M) hoic cong tic cot j (j=1..N) thi tat ca cac bong deén trén dong i hoic
cot j s& thay doi trang thai. Hay tim cach tac dong vao cac cong tic dé duoc
nhiéu dén sang nhét.
C6 16 ddng xu xép thanh bang 4x4, mdi dong xu c6 thé up hodc ngira nhu
hinh vé& sau:
Mau den thé hién dong xu ip, mau trang thé hién ddng xu ngira.

Tai mdi budc ta c6 phép bién ddi sau: Chon mot
dong xu va thay doi trang thai cua dong xu do va
tat ca cac dong xu nim & cac 6 chung canh (up
thanh ngua, ngtra thanh ap). Cho truéc mét trang
thai cac dong xu, hay 1ap trinh tim sd phép bién
d6i it nhat dé dua vé trang thai tat ca cac dong xu
hodc déu up hodc déu ngira.

Dir liéu vao trong file “COIN.INP” ¢é dang: Gom 4 dong, moi dong 4 ki tu
'w' - mo ta trang thai ngua hodc 'b'- mo ta trang thai up.

Két qud ra file “COIN.OUT” ¢6 dang: Néu c6 thé bién ddi duoc ghi sb
phép bicn doi it nhat néu khong ghi “Impossible”

COIN.INP | COIN.OUT COIN.INP | COIN.OUT

bwbw Impossible | bwwb 4

WWWW bbwb




4.21.

4.22.

4.23.

4.24.

4.25.

bbwb bwwb

bwwb bwww

Co6 N file chuong trinh v6i dung luong Sy, S,,...,S;, va loai dia CD c6 dung
luong D. Hoi can it nhat bao nhiéu dia CD dé c6 thé copy du tat ca céc file
chwong trinh (mét file chuong trinh chi nim trong mét dia CD).

a) Giai bai toan bang phuong phap nhanh can véi N<10.

b) Giai bai toan bang mot thuat toan tham an véi N<100.

Dt 1liéu vao Két qud ra

N=5, D=700 Can it nhét 2 dia CD
320, 100, 300, 560, 50 |Pia 1: 320, 300, 50
Pia 2: 100, 560

Chuong trinh giai bai toan lap lich giam thiéu tré han (& muc 3.4) c6 do
phtc tap O(N?3), hdy cai tién ham check dé nhan duoc chuong trinh v6i do
phurc tap O(N?2).

Cho mdt xau S (d6 dai khong qua 200) chi gom 3 loai ki tw 'A’,’B’,’C’. Ta
c6 phép ddi chd hai ki tu bat ki trong xau, hdy tim cach bién dbi it budc nhit
dé dugc xau theo thir ty tang dan.

Dt 1iéu vao | K&t qud ra

S='CBABA' Can it nh4t 2 phép bién dbi
CBABA - ABABC - AABBC

Cho N (N < 1000) doan s6 nguyén [a;, b;], hdy chon mét tap gom it s6
nhit ma mdi doan sé nguyén trén déu c6 it nhat 2 s thudc tap.
(lagl, 1bi| < 10%)
Vi du: ¢6 5 doan [0,10], [2,3], [4,7], [3,5], [5,8], ta chon tap gdm 4 sb
{2,3,5,7}
Cho phén s6 M/N (0<M<N, M,N nguyén). Hiy phan tich phan s nay thanh
tong cac phan sb co tir s bang 1, cang it s6 hang cang tbt.
Dir liéu vdo tir file “PS.IN” chita 2 s6 M, N
Két qua ra file “PS.OUT”
- Dong dau 1a s6 luong sb tach

- Céc dong sau moi dong chira mau so cua cac so hang
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4.26.

4.27.

4.28.

Dt 1liéu vao | K&t qua ra

5 6 2
23

Cho mdt sb ty nhién N. Hiy tim cach phan tich s6 N thanh cac s nguyén
duong pi, p2,..,.px (V61 k>1) sao cho:

- P1, P2,-- -, px 461 mot khac nhau

-p1+p2+...+pk:N )

- S=p; * po * ...* px dat gid tri [6n nhat

Dir liéu vao trong file: “PT.INP” ¢6 dang: Gom nhiéu test, mdi dong 1a mot
test chira mot s6 N (5<N<1000)

Két qua ra file: “PT.OUT” ¢6 dang: Gom nhiéu dong, mdi dong 1a tich 16n
nhat dat duge (sé S) cho test d6

D& liéu vao

Két qua ra

5

6

7

12

Cho‘hai phép toan *2 (nhan véi 2) va /3 (chia nguyén cho 3).7 Cho trude sb
1, bé}ng cach st dung hai phép toan trén ta xay dung dugc bi€u thuc co gia
tri bang N.

Vidu N=6 thi 1*¥2*¥2*2*2%*2/3/3*2=6 (thuc hién tu trai qua phai)

Dit liéu vao tir file “BT.INP” chira s6 N (N c6 khong qua 100 chir sd)

Ghi két qua ra file “BT.OUT” biéu thirc ngén nhét co thé

Cho s6 nguyén duong N (N<10'"), hdy tach N thanh tng it cic sb
Fibonacci nhat.

Vi du: N=16=1+5+13

4.29. Can phai t6 chirc viéc thuc hién N chuong trinh danh s6 tir 1 dén N trén mot

may tinh. Mdi chwong trinh thir i doi hoi thoi gian tinh 1a 1 gio, va néu n6
duoc hoan thanh trudc thoi diém d[i] (gia st thoi diém bat dau thuc hién cac
chuong trinh 14 0) thi ngudi cht may tinh s& duoc tra tién cong 1a w[i] (i =
1,2....,N). Viéc thyc hién mdi chuong trinh phai dugc tién hanh lién tuc tir
lac bat dau cho dén khi két thiic khong cho phép ngat quing, dong thoi tai
mdi thoi diém may chi c6 thé thuc hién mot chuong trinh).

Hay tim trinh ty thyc hién cdc chuong trinh sao cho tong tién cong nhan
duoc 1 16n nhat.



Dit liéu vao dwoc cho trong JOB.INP:

- Dong déu tién chira s6 N (N < 5000), ,

- Dong thir i trong N dong ti€p theo chira 2 s6 d[i], w[i] dugc ghi cach nhau
boi dau céach.

Két qua duwa ra file JOB.OUT:

- Dong dz‘i’u tién chira téng tién cong nhan dugc theo trinh ty tim duoc.

- Dong ti€ép theo ghi trinh ty thyc hién cac chuong trinh.

4.30. Tim K chit s cudi cung cia M™ (0<K < 9,0 <M, N < 10%)

Vi du: K=2, M=2, N=10, ta c6 2'°=1024, nhu vay 2 chit sb cudi cing cia
2'%1a 24

4.31. Viét ham kiém tra tinh nguyén t6 ctia sé N (N < 10°) theo Fermat.
4.32. Lat gach

4.33.

Cho mét nén nha hinh vudng co kich thuéc 2% bi khuyét mot 0, hay tim
cach lat nén nha bing loai gach hinh thuéc tho (tao béi 3 hinh vudng
don vi).

nén nha (6 mau den la 6 khuyér) m@t cdch lit nén

Cho diy ay,a,, ..., a,, cac s6 d6i mot khac nhau va sb nguyén duong
k (1 < k <n). Hay dua ra gia tri nho thu k trong day.
Vidu: diy gdm 5 phan t: 5,7, 1, 3, 4 va k = 3 thi gia tri nho tht k 13 4.

4.34. Ddy con 16

Day sb nguyén "A‘l’ A,, . Ay duoc goi la 161, néu no giam dan tr A, dén
mot Aj nao do, roi tang dan téi An.

Viduday16i: 10542 -1468 12

Yéu cau: Cho mot diy sd nguyél}, bang cach x6a bét mot sd phan tl:I cua
dé}f va gilt nguyén trinh tu cac phan tir con lai, ta nhan dugc day con 161 dai
nhat.
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Dirt liéu vao trong file: DS.INP
- Dong déu 1a N (N<=10000) , o
- (Céc dong sau 1a N s0 nguyén cua day so (cac so ki€u longint)
Két qua ra file: DS.OUT
- Ghisd phén’ tur ciia day con tim dugc
- Céc dong tiép theo ghi céac s6 thude day con

4.35. Palindrome
Mot xau duge goi 1a xau dbi ximg néu doc tir trai qua phéi ciing giébng nhu
doc tr phai qua trai. Vi du xau “madam” la mot xau doi xing. Bai toan dat
ra la cho mdt xau S gébm cac ki tu thudc tap ['a'..'z'], hdy tim cach chén vao
xau S it nhat cac ki ty dé xau S thanh xau doi xang.
Vi du: x4u “adbhbca” ta s& chén thém 2 ki tu (c va d) dé duoc xau ddi xtng
“adcbhbcda”.
Dit liéu vao trong file PALIN.INP c6 dang: Gom mét dong chira xau S. (46
dai moi xau khong vuot quéa 200)
Két qua ghi ra file PALIN.OUT c6 dang: Gom mdt dong 1a mot xau doi
xung sau khi da chen thém it ki ty nhat vao xau S.

Palin.inp | Palin.out

acbcd adcbcda

4.36. Stones
C6 N dbng soi xép thanh mot hang, ddng thir i ¢ A; vién soi. Ta c6 thé
ghép hai dong so1 ké nhau thanh mdt dong va mat mot chi phi bang tong hai
dong soi do.
Yéu céy: Hay tim cach ghép N déng soi nay thanh mot dong vai chi phi la
nho nhat.
Vi du: Co 5 ddng soi

19
Phat=3+7+12+19=41
Dir liéu vao trong file “STONES.INP” co6 dang:



- Dong dau 1a s6 N (N < 101) 1a s6 ddng soi

- Dong thtr 2 gdm N sb nguyén 1a s soi ciia N déng soi. (0 < A;< 1001)

Két qua ra file “STONES. QUT ” ¢6 dang: gdbm mot sd 1a chi phi nho nhat dé
ghép N dong thanh mot dong.

STONES.INP | STONES.OUT

5 41
41275

4.37. Cit hinh 1
C6 mdt hinh chit nhat MxN 6, mdi 1?111 ta dugc phép c:‘?it mot hinh chf{ nhét
t}}a‘mh hai hinh chir nhat con thep chiéu ngang hoac chiéu doc va lai ti€p tuc
cat cac hinh chir nhat con cho dén khi dugc hinh vudng thi dirng.
Hoi c6 thé cat hinh chit nhat MxN thanh it nht bao nhiéu hinh vudng.
Dirt liéu vao trong file HCN.INP:
Gom 1 s6 dong, mdi dong 14 1 test 1a mot cap sd M, N (1<=M,N<=100)
Két qua ra file HCN.INP:
Gom 1 s6 dong 1a két qua tuong ung véi dit liéu vao

4.38. Cat hinh 2
Cho mot bang s6 A gé)m M dong, N cdt, cac gia tri cua bang A chi 1a 0
hoac 1. Ta mudn cat bang A :[hénh cac hinh c‘hﬁ nhéat con sao ’cho cac hinh
cl}& nlqlat con ¢ gia tri toan bang 1 hay toan bang 0. Mt lan cat 1a mot nhat
cat thang theo dong hQéc theol cOt cua ,m(f)t hinh chir nhat thanh hai‘ hinh chir
nhat riéng biét. Cur tiép tuc cat cho dén khi hinh chit nhat toan bang 1 hay
toan bang 0. Hay tim céch cat dé duoc it }}inh chir nhat nhat ma cac hinh chix
nhat con c6 gia tri toan bang 1 hay toan bang 0.

Vi du: Bang s6 5x5 sau dugc chia thanh 8 hinh chir nhat con.

0 1 0 0 1 O (1 (0 0|1
0 1 0 0 1 0 0 011
1 1 0 0 1 L 1 (0 01
I 1 1 0 0 L1 (10 0
0 0 1 0 0 0 0110 0

Dit liéu vao trong file HCN2.INP
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4.39.

- Dong dau 1a 2 s6 nguyén duong M, N (M,N<30)
- M dong tiép theo, mbi dong N s6 chi gdbm 0 hodc 1 thé hién bang s6 A
Két qua ra file HCN2
Gom 1 dong duy nhat chira mot sé duy nhét 13 s hinh chir nhat it nhat
TKSEQ
Cho diy s6 A gébm N sb nguyén va sé nguyén K. Tim diy chi sb
1<1;<i1p<...<13xk<N sao cho:

S = (ai1 —a;, + al-3) + (ai4 —a; + al-6)+..+(al-3K_2 — Qi , T ai3K)
dat gia tri 16n nhat.
Dit liéu vao trong file “TKSEQ.INP” co dang:
- Dong dau 1a gdm 2 s6 nguyén N, K (0<3K<N<500)
- Dong 2 gdbm N sb nguyén ay, as,..., ax (|a;|<10°)
Két qua ra file “TKSEQ.OUT” ¢6 dang: gdm mdt s6 duy nhat S 16n nhat
tim duogc

TKSEQ.INP | TKSEQ.OUT

51 4
12345

4.40. Least-Squares Segmentation

T? dinh nghia trong sb cua doan sb tir sb & vi tri thir i dén vi tri thir j cua day
s0 nguyén A[1], A[2], ..., A[N] la:

{;zi(A[k] — mean)? trong d6 mean = (Z{;ziA[k])/(j —i+1)
Yéu cau: Cho diy sb nguyén A gdbm N s A[1], A[2], ..., A[N] va s6 nguyén
dwong G (1 < G* <N). Hiy chia diy A thanh dung G doan dé tong trong s6
1a nho nhat.
Dit liéu vao trong file van ban “LSS.INP” co6 dang:
- Dong diu gdbm hai s6 N va G (1 <G* <N <1001)
- N dong tiép theo, mdi dong mét sb nguyén mo ta diy sé A (0<A[i]<10°
Két qua ra ﬁle vian ban “LSS.OUT” ¢6 dang: gdbm mdt dong chira mot sb
thuc duy nhat l1a dap an cta bai toan. (dua ra theo quy cach :0:2)

LSS.INP | LSS.OUT
52 0.50
3




o W w

4.41. Phan trang (Dé thi chon d6i tuyén qubc gia 1999)
Vin ban 1a mot ddy gébm N tir danh s tr 1 ‘dé'n N. Tu tht i c6 do dai 1a w;
(i=1, 2,... N). Phan trang 1la mdt cach x&p lan 111’91 cac tir cuia van ban vao
day cac dong, moi dong c6 do dai L, sao cho t?)ng do dai cfia cac tu trén
cung mot dong khong vuot qua L. Ta goi hé sévphat cua moi dong trong
cach phan trang lé,hiéu s0 (L-S), trong do S 1a tong do dai cﬁa cac th’ xEp
trén ,d(‘)ng do. Hé so phat cua cach phan trang la gié tri 1on nhat trong so cac
hé so phat cua cac dong.
Yéu cau: Tim cach phan trang v6i hé sé phat nho nhat.
Dir liéu vao twr tép van ban PTRANG.INP
- Dong 1 chira 2 s6 nguyén dwong N, L (N<=4000, L<=70)
- Dong thir i trong s6 N dong tiép theo chira s6 nguyén duong w; (wi<=L),
i=1,2,..,N
Két qua ghi ra file van ban PTRANG.OUT
- Dong 1 ghi 2 s6 P, Q theo thir ty 14 hé s6 phat va sb dong theo cach phan
trang tim duogc
- Dong thir i trong s6 Q dong tiép theo ghi chi sd cua cac tir trong dong thir i
cua cach phan trang.

4.42. Chon sé
Chol mang A c6 kich thudc Nx‘N gém céc’ s6 nguyén khong am. Hay ghQn ra
K sf) sao cho mf)i» d@ng co qhiéu nhat 1 s0 duoc chon, moi ¢ot c6 nhiéu nhat
1 s6 dugc chon dé tong K s6 1a 16n nhat.
Dirt liéu vao twr tép van ban SELECT.INP
- Dong thir nhat gdm 2s6 Nva K (K < N < 15)
- N dong sau, m&i dong N s6 nguyén khong am 4;; < 10000
Két qua ghi ra file van ban SELECT.OUT

Téng 16n nhat chon dugc va sb cach chon (cach nhau diing mot dau cach)



Select.inp | Select.out
32 6 3

12 3

2 31

312

4.43. Puzzle of numbers

Khi mot sb phan chﬁ:’ s6 trong ding thire ding gﬁa tong hai sd ngu}{én bi mét
(dugc thay bs”wi cac (}éu sao “*’:). C6 mdt cau do 1a: Hay thay cac dau sao bai
cac chir so dé cho dang thic van ding.
Vi du bat dau tir ddng thuc sau:

9334

789

10123 (9334+789=10123)

Céc vi du céc chir so6 bi mat dugc thay bang cac dau sao nhu sau:

*3%4 hay ook
7% ok
10123 dokosk ok ok

Nhiém vu cta ban 1a viét chuong trinh thay céac déu sao thanh cac chir sb dé
duoc mot dang thirc ding. Néu c6 nhiéu 10 giai thi dua ra mot trong s do.
Néu khong c6 thi dua ra thong bao: “No Solution”.

Chil y cdc chit s6 ¢ dau méi sé phdi khdc 0.

Dir liéu vao trong file “REBUSS.INP”: gdbm 3 dong, mdi dong 13 mot x4u ki
tu gém cac chit sb hodc ki tu “*” . P dai mdi xau khong qua 50 ki tu.
Dong 1, dong 2 thé hién la hai sb dugc cong, dong 3 thé hién la téng hai s6.
Két qua ra file “REBUSS.OUT”: Néu c6 15i giai thi file két qua gdom 3
dong tuwong tmg véi file dit liéu vao, néu khong thi théng bao “No Solution”

REBUSS.INP | REBUSS.OUT

*3*4 9334
78% 789
10123 10123




4.44. Xép lich giing
Mot gido vién can giang n van dé dugc danh sb tir 1 dén n (n < 10000).
M&i mot van dé i can c6 thoi gian la t; (i = 1..n). Dé giang n van dé do
thi gido vién co cac budi da duoc phan co do dai 1a L (L < 500).
e Mot véan dé thi phai giai quyét trong mot budi .
e Vén dé i phai dugc giang trudc van i+ 1voimoii = 1..(n—1).
Hoc sinh c6 thé ra vé sém néu nhu budi giang da két thuc, tuy nhién néu
thoi gian ra vé d6 qua sém so véi budi giang thi that 1a phi. Chinh vi thé
ngudi ta danh gia budi 1én 16p bang gia tri DI nhu sau :

0 nut=20

DI=3{ —C nul<t<10
(t—10)% nut>10

Trong d6 t 1a thoi gian thira cta budi 1én 16p d6, € 1a mot hang s6 .

Yéu cau: Hiy xép lich day sao cho téng s6 cac budi 1a can it nhat co thé
dugc. Trong cac lich day it nht d6, hay tim lich day sao cho tong s6 DI 1a
nho nhét c6 thé duoc.

Dir liéu vao tir file SCHEDULING.INP

- Dong dau 12 s6 n (sé van dé can giang) .

- Dong tiép theo 1a L va C

- Dong cudi cung 1a N sb thé hién cho t;, ty, ..., t, .
Két qua ra file SCHEDULING.OUT

- Dong dau tién 1a s6 budi .

- Dong tiép theo 1a tong DI nho nhét dat duoc .

SCHEDULING. INP SCHEDULING.OUT
10 6
120 10 2700

80 80 10 50 30 20 40 30 120 100

4.45. Khu vwon (101 2008)
Ramsesses II thing tran tro vé. Dé ghi nhan chién tich cia minh dng quyét
dinh xay mot khu vuon trang 1¢. Khu vuon phai c6 mdt hang cay chay dai tur
cung di¢n ctua Ong tai Luxor t&i thanh duong Karnak. Hang cdy nay chi
chira hai loai cdy 13 sen va c6i gidy, boi vi chung twong ing 13 biéu tuong
ciia mién Thuong Ai Cap va Ha Ai Cép.




Vuon Phéi c6 dung N cay. Ngoai ra, phéi co su cép bang: & moi doan cay
lién ti€p cia vuodn, so lugng sen va so luong coi giay phai khong 1€ch nhau
qua 2.
Vuon ciy duoc ‘t?iéu dién dudi dang xau cde ki ty 'L' (lotus — sen) va 'P'
(papyrus — coi giéy). Vi duy, véi N =5 ¢6 tat ca 14 vuon dam bdo can bang.
Theo tht ty tur dién, cac vuon d6 la: LLPLP, LLPPL, LPLLP, LPLPL,
LPLPP, LPPLL, LPPLP, PLLPL, PLLPP, PLPLL, PLPLP, PLPPL, PPLLP
va PPLPL.
Cac VIIUIl can b?mg Vé’i,dcf) dai xac dinh cho trudc duoc sép )}ép theo thur tu
tir dién va dugc danh so tir 1 trd di. Vi du, voi N=5, vuon so 12 s€ la vuon
PLPPL.
NHIEM VU
Cho s6 cay N va xau biéu dién mot vuon cén bz‘i’ng, hay lap trinh tinh s thir
tu ciia vuon nay theo modun M, trong d6 M 1a s6 nguyén cho trudc.
Luu y rang gia tri ciia M khong dong vai trd quan trong trong viéc giai bai
toan, nd chi lam cho viéc tinh toan tréd nén don gian.
HAN CHE

1 <=N<=1000 000

7 <=M <=10 000 000
CHAM DPIEM

C6 40 diém danh cho céac dir liéu vao v6i N khong vuot qua 40.
INPUT
Chuong trinh cua ban phai doc tur file “GARDEN.INP” céc dir li¢u sau:

. Dong 1 chira s6 nguyén N, sb ciy trong vuon,

. Dong 2 chira s6 nguyén M,

o Dong 3 chira xau gdm N ki ty 'L' (sen) hodc 'P' (c6i gidy) biéu dién
vuon can bang,

OUTPUT

Chuong trinh cua ban phai ghi ra file “GARDEN.OUT” mdgt dong chira mot
s6 nguyén trong pham vi tir 0 dén M-1, 13 s6 tht tu ty theo médun M cia
vuon duge mo ta trong ddu vao.

Input vi | Output vi | Giai thich
du 1 du 1




5 5 s tht tu cua PLPPL 1la 12. Nhu vay
7 output 1la 12 theo mbédun 7, tuc la

PLPPL 2

Input wvi du 2| Output vi du 2

12 39
10000
LPLLPLPPLPLL

4.46. S6 ro rang
Bom méi tim dugc mdt tai li€u dinh nghia sb 1o rang nhu sau: Voi )
nguyén duong n, ta tao sé méi bang cach ldy tong binh phuong cac chir s6
cua no, vdi sO mdi nay ta lai 1dp lai cong vigce trén. Néu trong qua trinh do,
ta nhan duoc sé méi 1a 1, thi s6 n ban dau duoc goi la $6 18 rang. Vi dy, voi
n =19, ta co:
19 = 82 (=12 +9%) = 68 = 100 = 1
Nhu vay, 19 1a s6 10 rang.
Khong phai moi s6 déu rod rang. Vidy, véin =12, ta co:
125225220 85289=2145242-220+>4 > 16— 37> 58>
89 = 145
Bom rat thich tht v6i dinh nghia sé 1& rang nay va thach d6 pha 6ng: Cho
mot s6 nguyén duong n, tim sé S(n) 1a s6 rd rang lién sau sé n, tic 1a S(n)
1a s6 16 rang nho nhét 16n hon n. Tuy nhién, cau hoi d6 qua dé véi phi 6ng
va phu éng da d6 lai Bom: Cho hai s6 nguyén dwong nva k (1 < nk <
10%5), hay tim s6 S¥(n) = S(S(...S(M))) la s6 ré rang lién sau thir k
cuan.
Ban hay gitp Bom giai ciu d6 nay nhé!
Dir liéu vao tw file van ban CLEAR.INP c6 dang:
- Dongdaulasét (0 <t < 20)
-t dong sau, moi dong chtra 2 sO nguyén n va k.
Két qua ra file vin ban CLEAR.OUT gdm t dong, mdi dong 1a két qua
tuong ung véi dir li¢u vao.



CLEAR.INP CLEAR.OUT
2 19

18 1 1000000000
1 145674807

4.47. Hai nim

Bé Bong di hai nim trong N khu rimg dénh sb tir 1 dén N, nhung chi c6 M

khu rimg c6 nam. Viéc di chuyén tir khu n‘rng thtr 1 sang khu rung thir j tén

tij don vi thoi glan Dén khu rimg i c6 ndm, cb bé c6 thé dimg lai dé hai

nam. Néu tong sb don vi thoi gian co bé dimg lai ¢ khu rimg thr i 1a d;

(di>0), thi c6 bé hai duoc: [%] + [Z] +..+ [E cay nam tai khu rung do

(trong d6 S; 1a s6 lwong ndm co tai khu rimg i, [x] 14 phan nguyén cua x).

Gia thiét rang ban déu c6 bé & khu rimg thir nhat va di hai nam trong thoi

gian khong qua P don vi.

Yéu cdu: Hay tinh s lugng cdy nam nhiéu nhat ma c¢6 bé c¢6 thé hai dugc.

Dit liéu vao tir file van ban MUSHROOM.INP:

e Dong déau tién chira ba sé nguyén dwong M (M < 10), N (0<M< N <
100) va P (P <10000);

e M dong ti€p theo, moi dong chira 2 s6 nguyén dwong r va S; nghia 1a
khu rimg r ¢6 S, ndm (S, < 10°);

e Dong thtr i trong N dong cubi cung chtra N sé nguyén duong ti (t; <
10000), (i, j=1, ..., N).

Két qua ghi ra file van ban MUSHROOM.OUT: sé luong cdy nim nhiéu

nhit bé Bong co thé hai duoc.

MUSHROOM. INP | MUSHROOM. OUT

2.2 2 3
5
10
3
0

w o N

N}
W



Chuyénaé 5

CAC THUAT TOAN
TREN PO THI
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Trén thwe t& cé nhidu bai toan lién quan téi mot tap cac
ddi twong va nhitng mdi lien hé gita ching, doi héi
toan hoc phai dat ra mot mé hinh biéu dién mot cach
chat ché va téng quat bang ngén ngir ki hiéu, d6 1a do
thi: mét md hinh toan hoc gébm céac dinh biéu dién cac
ddi twong va cac canh biéu dién méi quan hé gitra cac
ddi twong. ‘

. , Leonhard Euler
Nhirng y twdng co ban cla do6 thj dwoc dwa ra tir thé ki 1707-1783
thi XVIIl b&i nha toan hoc Thuy Si Leonhard Euler,
nam 1736, 6ng da dung mé hinh d6 thi dé giai bai toan vé bay cay ciu
Kdnigsberg (Seven Bridges of Kbnigsberg). Bai todn nay cung véi bai
toan ma di tuan (Knight Tour) dwoc coi la nhirng bai toan dau tién caa li
thuyét dd thi.
R4t nhiéu bai toan cua li thuyét d6 thi da tré thanh néi tiéng va thu hat
duwoc sy quan tam Ién cha cdng ddng nghién ctru. Vi du bai toan bén
mau, bai toan dang cau dd thi, bai toan ngwdi du lich, bai toan nguoi
dwa thw Trung Hoa, bai toan dwéong di ngdn nhét, ludng cwc dai trén
mang v.v... Trong pham vi mét chuyén dé, khéng thé trinh bay tat ca
nhirng gi da phat trién trong subt gan 300 nam, ching ta sé& xem xét i
thuyét db thi dwdi géc dé ngwdi lap trinh, tirc 1a khado sat nhirng thuat
toan co ban nhét cé thé dé dang cai dat trén may tinh mét sé (rng dung
clia n6. Cong viéc cha ngudi 1ap trinh 1a doc hiéu dwoc y twdng co ban
cla thuat toan va cai dat dwoc chwong trinh trong bai toan téng quat
ciing nhw trong trwdng hop cu thé.




1. Cac khai niém co ban
1.1. Do thi
Db thi 1a mo hinh biéu dién mot tap cac dbi tuong va mbi quan hé hai ngbdi giira
cac ddi tugng:

Graph = Objects + Connections

G =(V,E)

C6 thé dinh nghia d6 thi G 1a mét cap (V,E): G = (V,E). Trong d6 V 1a tap cac
dinh (vertices) biéu dién cac ddi twong va E goi 1a tap cac canh (edges) biéu dién
mbi quan hé giita cac d6i twong. Ching ta quan tdm t6i méi quan hé hai ngdi
(pairwise relations) gitra cac ddi twong nén co thé coi E 1a tap cac cip (u, v) véiu
va v 12 hai dinh cta V biéu dién hai ddi twong c6 quan hé v6i nhau.
Mot sb hinh anh cta db thi:

o i

P - &
S E! - ;
. H- - -
i W=
LY L
Sd @6 giao théng Céu truc phan tir Mang may tinh

Hinh 5-1. Vi du vé mé hinh do thi

C6 thé phan loai d6 thi G = (V, E) theo dic tinh va sb lwong ctia tap cac canh E:

o G duoc goi 1a don dé thi (hay goi tat 1a dd thi) néu giira hai dinh u,v € V ¢6
nhiéu nhét 13 1 canh trong E ndi tir u ti v.

e G duoc goi 1a da do thi (multigraph) néu gitta hai dinh u,v € V ¢ thé ¢6
nhiéu hon 1 canh trong E ndi u va v (Hién nhién don do thi ciing 1a da do thi).
Néu c6 nhiéu canh nbi gitra hai dinh u, v € V thi nhiitng canh d6 dugc goi la
canh song song (parallel edges)

e G duoc goi 1a do thi vé hudng (undirected graph) néu cic canh trong E 1a
khong dinh huong, tic 1a canh ndi hai dinh u, v € V bat ki cling 1a canh ndi
hai dinh v, u. Hay néi cach khac, tap E gom cac cip (u, v) khong tinh thir ty:
(u,v) = (v,u).

e ( duogc goi la do thi cé huwong (directed graph) néu cac canh trong E 1a co
dinh hudng, tuc 1a co thé c6 canh ndi tir dinh u t6i dinh v nhung chua chic da
¢6 canh ndi tir dinh v t&i dinh u. Hay néi cach khac, tap E gdm cac cap (u, v)



¢ tinh tht tu: (u, v) # (v,u). Trong dd thi ¢o hudng, cac canh con dugc goi
la cac cung (arcs). PO thi vo hudng ciing c6 thé coi 1a d6 thi c6 hudéng néu
nhu ta coi canh ndi hai dinh u, v bat ki twong duong véi hai cung (u, v) va
(v,u).

Hinh 5-2 13 vi du vé don db thi/da d6 thi c6 hudéng/vo hudng.

2eelele

5 5 6 hwd C6 hwon
Vo hwéng Co6 huéng V6 huwéng 9
~ _ - »

Pon do thi Pa do thi

Hinh 5-2. Phén logi dé thi

1.2. Cac khai niém

Nhu trén dinh nghia d6 thi ¢ = (V, E) 1a mét ciu trac roi rac, tire 1a cac tap V va
E 1a tap khong qua dém duoc, vi vay ta c6 thé danh sb tha tu 1, 2, 3... cho céc
phan tir cia tip V va E va dong nhat cic phan tir ciia tip V va E voi sb tht tu ca
chung. Hon nira, ding trén phuong di¢n ngudi 1ap trinh cho may tinh thi ta chi
quan tam dén cac dd thi hitu han (V va E 1a tap hiru han) ma thoi, chinh vi vay tu
day vé sau, néu khong chu thich gi thém thi khi no6i t6i do thi, ta hiéu rang d6 la
d6 thi hitu han.

a) Canh lién thujc, dinh ké, bic

Dbi voi dd thi vo hudéng G = (V,E). Xét mot canh e € E, néu e = (u,v) thi ta
n6i hai dinh u va v 1a ké nhau (adjacent) va canh e nay lién thudc (incident) véi
dinh u va dinh v.

V61 mot dinh v trong dd thi vo hudng, ta dinh nghia bdc (degree) cia v, ki hi¢u
deg(v) 1a s6 canh lién thudc véi v. Trén don do thi thi sé canh lién thude véi v
ciing 1a s6 dinh ké véi v.



Pinh Ii 5-1

Gid sir G = (V,E) la do thi vé hudng, khi @6 tong tat cd cdc béic dinh
trong V sé bang hai lan s6 canh:

' deg(v) = 21E| W

VeV
Chirng minh
Khi lay téng tit ca cé{c bac dinh tic 13 mdi canh e = (u,v) s& duge tinh mot 1an
trong deg(u) va mdt 1an trong deg(v). Tir d6 suy ra két qua.
H¢ qua
|I Trong do thi vé hiedng, sé dinh bdc 1é 1a sé chan.
Dbi v6i @6 thi c6 huong G = (V,E). Xét mot cung e € E, néu e = (u, v) thi ta
no6i u ndi toi v va v ndi tir u, cung e 1a di ra khoi dinh u va di vao dinh v. Dinh u
khi d6 dugc goi 1a dinh dau, dinh v duge goi la dinh cudi cua cung e.
Véi mdi dinh v trong d6 thi c6 huéng, ta dinh nghia: Bdn bdc ra (out-degree) cta
v ki hiéu deg*(v) 13 sb cung di ra khoi nd; bdn bdc vao (in-degree) ki hiéu
deg™(v) 1a sb cung di vao dinh do.
Pinh i 5-2
Gia sit G = (V,E) la dé thi c6 hudng, khi d6 tong tdt ca cdc ban bdc ra
“ ciia cdc dinh bang tong tdt ca cdc ban bdc vdo va bang sé cung ciia do thi

2 deg*(v) = Z deg~(v) = |E| @)

vEV vEV
Chirng minh
Khi lay tong tit ca cac ban bac ra hay ban bac vao, mdi cung (u,v) s& dugc tinh
dang mQt lan trong deg™* (u) va ciing dugc tinh dang mot lan trong deg™(v). Tir d6
suy ra két qua.

b) Duong di va chu trinh
Mot day céc dinh:

P ={(po, P > Pk
sao cho (p;_1,p;) EE, Vi:1 <i <k duoc goi la mét duong di (path), duong di
nay gom k + 1 dinh po, py, ..., oy va k canh (po, p1), (P1, P2), > (Pre—1, Pic)- Neu
c6 mot duong di nhu trén thi ta ndi py, den divoc (reachable) ti py hay py dén duoc
Di. ki hiéu po ~ p. Pinh p, duoc goi 1a dinh dau va dinh pj, goi la dinh cubi cua
duong di P. Cac dinh py, ps, ..., Px—1 duoc goi la dinh trong ciia dudong di P
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Mot duong di goi 1a don gidn (simple) hay duwong di don néu tt ca cac dinh trén
dudng di 1a hoan toan phan biét (di nhién khi d6 céc canh trén duong di cling hoan
toan phan biét). Puong di P = (po, Py, ..., P) tr6 thanh chu trinh (circuif) néu
Do = Pk. Trén dd thi c6 hudng, chu trinh P dugc goi 13 chu trinh don néu né co it
nhat mot cung va cac dinh py,p,, ..., pr hodn toan phan biét. Trén dd thi vo
huéng, chu trinh P dwoc goi 1 chu trinh don néu k > 3 va cac dinh py,ps, ..., P
hoan toan phan biét.

¢) Mét s6 khdi nigm khdc

})zzlng ciu

Hai db thi G = (V,E) va G' = (V',E") duoc goi 1a ding cdu (isomorphic) néu ton
tai mot song anh f:V — V' sao cho sd cung ndi u véi v trén E bang sd cung ndi
f(uw) voi f(v) trén E'.

Do thi con

Do thi G’ = (V',E") 1a do thi con (subgraph) cia d6 thi G = (V,E) néu V' € V va
E'CE.

Dé thi con Gy = (U, Ey) dugc goi 1a do thi con cam iing (induced graph) tir d6 thi
G boitap U € V néu Ey = {(u,v) € E:u,v € U} trong truong hop nay ching ta
con noi Gy la dd thi G han ché trén U.

Phién ban c6 huwéng/vé hwéng

Véi mot do thi vo huong G = (V,E), ta goi phién ban cé huéng (directed
version) ctia G 1a mot d6 thi c6 huéng G’ = (V, E") tao thanh tir G bang cach thay
mdi canh (u, v) bang hai cung c6 hudng ngugc chiéu nhau: (u, v) va (v, u).

Vé6i mot dd thi c6 huéng G = (V,E), ta goi phién bdan vé hwéng (undirected
version) ctia G 13 mot dd thi v hudng G’ = (V, E') tao thanh bang cach thay mdi
cung (u, v) bang canh vo huéng (u, v). Noi cach khac, G’ tao thanh tir G bang
cach bo di chiéu cua cung.

Tinh lién thong

Mot db thi vo hudng goi 13 lién thong (connected) néu giita hai dinh bat ki cua d6
thi c6 ton tai duong di. D6i voi do thi co hudng, ¢ hai khai niém lién thong tuy
theo chung ta c6 quan tim t6i hudng cua cac cung hay khong. Db thi ¢ hudng
goi 1a lién thong manh (strongly connected) néu gitra hai dinh bat ki ctia d6 thi c6
t6n tai duong di. Do thi co6 hudng goi 13 lién thong yéu (weakly connected) néu
phién ban vé hudng ciia n6 1a d6 thi lién thong.



Do thi day du

Mot d6 thi vo hudng duoc goi 1a day dii (complete) néu moi cap dinh déu 1a ké
nhau, d6 thi day du gom n dinh ki hiéu 1 K,,. Hinh 5-3 13 vi du vé cac d thi day
du K3, K, va K.

K; K, Ks

Hinh 5-3. Do thi ddy dii

Do thi hai phia

Mot dd thi vo hudng goi 13 hai phia (bipartite) néu

tap dinh ctia n6 co thé chia lam hai tap roi nhau X,

Y sao cho khong tdn tai canh ndi hai dinh thudc X

cling nhu khong tdn tai canh ndi hai dinh thudc Y.

Néu |X|=m va |Y]| =n va giita moi cip dinh

(x,y) trong 46 x € X,y € Y déu c6 canh nbi thi dd

thi hai phia d6 duoc goi 13 d6 thi hai phia day du,

ki hiéu K, ,. Hinh 5-4 1a vi du vé d thi hai phia

day du K, 5.

Hinh 5-4. Do thi hai phia ddy dii

Do thi phing

Mot d6 thi duoc goi 1a dé thi phang (planar graph) néu chung ta c6 thé vé do thi

ra trén mat phang sao cho:

e  MaJi dinh twong tmg v6i mot diém trén mat phang, khong c6 hai dinh cing
toa do.

e  MBbi canh tuong tmg v4i mot doan dudng lién tuc ndi hai dinh, cac diém nam
trén hai canh bat ki 12 khong giao nhau ngoai trir cac diém dau mut (tuong
ung voi cac dinh)

Phép v& d0 thi phang nhu vay goi la biéu dién phing cta do thi

Vi du nhu db thi day du K, 1a dd thi phang boi né c6 thé vé ra trén mat phiang nhu

Hinh 5-5



Hinh 5-5. Hai cich vé dé thi phﬁng ciia K,
Pinh li 5-3 (Pinh li Kuratowski)
Mot dé thi vé hudng la do thi phang néu va chi néu né khéng chira do thi
con dang cau voi K3 3 hodac Ks.
Pinh li 5-4 (Cong thirc Euler)
Néu mgit do thi v‘é hieong lién théng la do thi phcfng va biéu dién Rhc’fng
cua do thi do gom v dinh va e canh chia mat phang thanh f phan thi
v—e+f =2
Pinh li 5-5
Néu don d@o thi vé huéng G = (V,E) la do thi phang cé it nhdt 3 dinh thi
|E| < 3|V| — 6. Ngodi ra néu G khéng c6 chu trinh dé dai 3 thi

|E| < 2|V]—4.

Pinh 1i 5-5 chi ra ring s canh cia don d0 thi phing 1a mot dai luong
|E| = O(|V|) diéu nay rat hitu ich dbi v6i nhiéu thuat toan trén d thi thua (co it
canh).

Do thi dwong

Tir d6 thi v6 huéng G, ta xay dung dd thi vo huéng G’ nhu sau: Mdi dinh cua G’
tuong Ung voi mot canh cua G, giita hai dinh x,y cta G’ ¢6 canh ndi néu va chi
néu ton tai dinh lién thudc voi ca hai canh x, ytrén G. Do thi G’ nhu vay duogc goi
1a @6 thi duong cia d6 thi G. D6 thi duong duogc nghién ciru trong cac bai toan
kiém tra tinh lién thong, tap doc lap cuc dai, t6 mau canh dd thi, chu trinh Euler va
chu trinh Hamilton v.v...

= R « X A .
2. Bieu dién do thi
Khi 18p trinh gidi cac bai toan dugc mo hinh hoa béng dd thi, viéc dau tién can
lam tim cAu tric dir liéu dé biéu dién dd thi sao cho viée giai quyét bai toan dugc
thuan tién nhat.

W
N



Co rat nhiéu phuong phép biéu dién d thi, trong bai nay ching ta s& khao sat mot
s6 phuong phap pho bién nhat. Tinh hiéu qua cla ting phuong phap biéu dién s&
duogc chi rd hon trong tirng thuat toan cu the.

2.1. Ma tran ké

Véi G = (V,E) 1a mot don d thi c6 huéng trong d6 |V| = n, ta c6 thé danh sd
cac dinh tir 1 t6i n va dong nhat mdi dinh véi s6 thtr tu ciia nd. Bang cach dénh s
nhu vy, d6 thi G c6 thé biéu dién bang ma tran vudng A = {ai j}nxn' Trong do:

{1,néu (i,j) €EE
0,néu (i,j) ¢ E
Vi Vi, gia tri ciia cac phan tir trén dudng chéo chinh ma tran A: {a;;} co thé dat
tuy theo muc dich cu thé, chéng han dat béng 0. Ma tran A xay dung nhu vay
duoc goi 1a ma tran ké (adjacency matrix) cua dd thi G. Viéc biéu dién dd thi vo
hudng dugce quy vé viée biéu dién phién ban co hudng tuong tng: thay mdi canh
(i,j) bai hai cung ngugce hudng nhau: (i, ) va (j, i).

aij =

Dbéi véi da d6 thi thi viée biéu dién cling twong tu trén, chi c6 diéu néu nhu (i, )
1a cung thi a;; 1a s6 canh n6i gitta dinh i va dinh j.

110 0 110 0
0111\ 0111\
100 1 00 0 1
100 1 00 0 1
1110 00 0 O

Hinh 5-6. Ma trdn ké biéu dién do thi

Trong truong hop G 1a don d6 thi, ta c6 thé biéu dién ma tran ké A tuong tmg 12
cac phén tur logic:

o, [True, néu (i,j) € E

Y |False,néu (i,j) ¢ E
C6 mot céch khéc bicu dién do thi v huong G bing ma tran A = {a;;}  nhu sau:
deg(i), néui=j
a;; = —1, néu (i,j) €E
| 0, TH khic N

Céach biéu dién nay c6 tmg dung trong mot s6 bai toan d6 thi, goi 1a biéu dién bang ma tran
Laplace (Laplacian matrix hay Kirchhoff matrix)

[U'8]
[U'S]



Ma tran ké c6 mot so tinh chat:

DPéi voi dd thi vo huéng G, thi ma tran ké tuong ung la ma tran ddi xung
a;; = ajj, diéu nay khong dung voi do thi c6 hudng.

Néu G 1a db thj vo huong va A 1a ma tran ké tuong Ung thi trén ma tran A,
téng cac sd trén hang i bang tong cac sd trén cot i va bang bac cua dinh i:
deg (i)

Néu G 1a d thi c6 hudng va A 1a ma tran ké twong tng thi trén ma tran A,
téng cac sb trén hang i bang ban bic ra ciia dinh i: deg™* (i), tong céc s trén
cot i bang ban bac vao cua dinh i: deg™ (i)

Uu diém cua ma tran ke:

Pon gian, truc quan, dé cai dit trén may tinh
Pé kiém tra xem hai dinh (u, v) cta d6 thi c6 ké nhau hay khong, ta chi viéc
kiém tra bang mot phép so sanh: a,,, # 0

Nhuoc diém ctia ma tran ké

Bét ké sd canh cta d6 thi 1a nhiéu hay it, ma tran ké luon ludn doi hoi n? 6
nhd @€ luu cac phan tir ma tran, diéu d6 gy lang phi bo nhé.

Mot s6 bai toan yéu cau thao tac 1iét ké tit ca cac dinh v ké voi mot dinh u
cho truge. Trén ma tran ké viéc nay dugc thuc hi¢n bﬁng cach xét tit ca cac
dinh v va kiém tra diéu kién a,,, # 0. Nhu vay, ngay ca khi dinh u 13 dinh c6
Idp (khong k& voi dinh nao) hodc dink treo (chi ké vé6i 1 dinh) ta cling budc
phai xét tat ca cac dinh v va kiém tra gia tri twong ing a,,,.

2.2. Danh sach canh

(1,2) | (1,3) | (2,3) | (2,4) [ (2,5) | (3,5) | (4,5)

Hinh 5-7. Danh sdach canh

Vi dd thi G = (V, E) c¢6 n dinh, m canh, ta c6 thé 1iét ké tit ca cac canh cua do
thi trong mot danh sach, mdi phan tir cia danh sach 1a mot cap (x,y) twong tmg
v6i mot canh cta E, trong trudng hop do thi c6 hudng thi mdi cip (x,y) tuong



g véi mot cung, x 13 dinh ddu va y 1a dinh cudi cua cung. Cach biéu dién nay

goi la danh sach canh (edge list).

C6 nhidu cach xay dyung céu tric dit liéu dé biéu dién danh sach, nhung phd bién

nhét 12 dung méang hodc danh sich moc ndi.

Uu diém cua danh sach canh:

e Trong truong hop do thi thua (co s6 canh tuong d6i nho), cach biéu dién bang
danh sach canh s& tiét kiém duge khong gian luu trlr, bdi nod chi can O(m) 6
nhé dé luu danh sach canh.

e Trong mot sb truong hop, ta phai xét tat ca cac canh cua do thi thi cai dat trén
danh sach canh lam cho vi¢c duyét cac canh dé dang hon. (Thuat toan Kruskal
chang han)

Nhuoc diém cta danh sach canh:

e Nhuoc diém co ban cia danh sach canh 1a khi ta can duyét tat ca cac dinh ké
v6i dinh v ndo d6 ctia do thi, thi ching c6 cach nao khéac 1a phai duyét tt ca
cac canh, loc ra nhiing canh c6 chura dinh v va xét dinh con lai.

e Viéc kiém tra hai dinh u, v c6 k& nhau hay khong ciing bit budc phai duyét
danh sich canh, diéu d6 kha ton thoi gian trong truong hop do thi day
(nhiéu canh).

2.3. Danh sach ké

Dé khic phuc nhuoc diém ciia cic phuong phap ma tran ké va danh sach canh,

nguoi ta dé xuat phuong phap biéu dién do thi bang danh sdach ké (adjacency list).

Trong cach biéu dién nay, voi mdi dinh v cua d6 thi, ta cho tuong ung voi nd mot

danh sach cac dinh ké voi v.

Véi d thi ¢6 huéng G = (V,E). V gdm n dinh va E gdm m cung. C6 hai cach cai

dat danh sach ké phd bién:

e Forward Star: Véi mdi dinh u, luu trit mot danh sach adj[u] chtra cac dinh
ndi tr u: adjfu] = {v: (w,v) € E}.

e Reverse Star: Véi mdi dinh v, luu trit mét danh sach adj[v] chira cac dinh
nbi téi v: adj[v] = {u: (u,v) € E}

Ty theo ting bai toan, chung ta s& chon ciu triic Forward Star hodc Reverse Star

dé biéu dién d6 thi. C6 nhiing bai toan yéu cau phai biéu dién d6 thi bang ca hai

cAu triic Forward Star va Reverse Star.



Viéc biéu dién do thj vo huéng duge quy vé viée biéu dién phién ban c6 hudng
tuong Ung: thay mdi canh (u, v) bdi hai cung c6 huéng nguoc nhau: (u,v) va
(v,u).

Bét cr cdu trac dir liéu nao c6 kha ning biéu dién danh sach (mang, danh sach
moc ndi, cdy...) déu c6 thé st dung dé biéu dién danh sach k&, nhung mang va
danh sach moc ndi duge sir dung phd bién nhat.

a) Biéu dién danh sich ké bang mang
Dung mdt mang adj[1 ... m] chira cac dinh, mang dugc chia lam n doan, doan thir
u trong mang luu danh sach cac dinh ké v6i dinh u. Dé biét mot doan nam tir chi
s6 nao dén chi sb nao, ta c6 mot mang head[1..n + 1] danh ddu vi tri phan
doan: head[u] s& bang chi s dung lién trudc doan thir u, quy udc head[n +
1] = m. Khi d6 cac phan tir trong doan:

adj[head[u] +1..head[u + 1]]
1a cac dinh ké véi dinh u.
Nhic lai rang khi sir dung danh sach ké dé biéu dién dd thi vo huéng, ta quy nd vé
db thi c6 hudng va sé cung m duoc nhan d6i (Hinh 5-8).

1 2 3 4 5 6 7 8 9 10 11 12 13 14
adj: [ 2313 fals]ala]s]2]s]2][3]a]
— -~ A -~ A

1 2 3 4 5

1 2 3 4 5 6
head: [0 |2 |6 |9 11|14}

Hinh 5-8. Diing ming biéu dién danh sach ké

b) Biéu dién danh sach ké bang cdac danh sach moc noi

[~
List[2] 1 3 4 5
List[3] 1 2 5

List[4] 2 5

List[5] 2 3 4

Hinh 5-9. Biéu danh sach ké béi cdc danh sach méc néi
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Trong cich biéu dién nay, ta cho twong img mdi dinh u ctia d6 thi véi List [u] 1a

chot cua mdt danh sach moc noi gom cac dinh ké voi u.

Uu diém cta danh sach ké

e D01 voi danh sach ke, viée duyét tat ca cac dinh ké voi mot dinh v cho trudce 1a
hét strc dé dang, cai tén “danh sach k&” da cho thay rd diéu nay.

e Vi¢c duyét tat ca cac canh cling don gian vi mot canh thuc ra 1a n6i mdt dinh
vo1 mot dinh khac ké no.

Nhuoc diém cua danh sach ké

e Danh sach ké yéu hon ma tran ké ¢ viéc kiém tra (u, v) c6 phai la canh hay
khong, béi trong cach biéu dién nay ta s& phai viéc phai duyét toan by danh
sach ke cua u hay danh sach ké cua v.

2.4. Danh sach lién thugc

Danh sach lién thudc (incidence lists) 1d mot mé rong cia danh sach ké. Néu nhu

trong biéu dién danh sach k&, mdi dinh dugc cho twong tmg véi mot danh sach cac

dinh ké thi trong biéu dién danh sach lién thudc, mdi dinh dugc cho twong tmg voi
mot danh sach cac canh lién thudc. Chinh vi vay, nhiing ki thuat cai dat danh sach
ké 6 thé stra d6i mot chut d€ cai dat danh sach lién thudc.

biac biét trong truong hop dd thi co hudng, ta co thé xay dung danh sach lién

thudc tir danh sach canh twong ddi dé dang bang cach bo sung cac con tro lién két.

Gia sir d6 thi ¢ hudéng G = (V, E) ¢6 n dinh va m cung dugc biéu dién boi danh

sach canh e[1...m]. Vi dd thi c6 hudéng, néu ta cho twong tmg mdi dinh u mot

danh sach cac cung di ra khoi u (forward star) thi s& c6 tong cong n danh sach lién
thudc va mdi cung chi xuat hién trong diing mot danh sach lién thude. Vi vay ta co
thé bd sung hai mang head[1 ...n] va link[1 ...m] trong do:

e head[u] 1a chi s6 cung dau tién trong danh sach lién thudc cta dinh u. Néu
danh sach lién thudc dinh u 13 @, head[u] dugc gan bang 0.

e link[i] 12 chi s6 cung ké tiép cung e[i] trong danh sach lién thudc chira cung
e[i]. Truong hop e[i] 1a cung cudi cing cia mot danh sach lién thude, link[i]
duoc gan bang 0

Dé duyét tat ca nhimg cung di ra khoi mot dinh u nao dé, ta c6 thé thyc hién dé

dang bang thuat toan sau:

i := head[u];
while i # 0 do
begin




«Xt 11 cung e[il»;
i := link[1i];

end;

2.5. Chuyén ddi giira cac cach biéu dién do thi

Co6 mdt s6 thuat toan ma tinh hiéu qua cua n6 phu thudc rat nhiéu vao cach thirc
biéu dién @6 thi, do d6 khi bit tay vao giai quyét mot bai toan do thi, ching ta
phai tim cau trac dit liéu phu hop dé biéu dién d6 thi sao cho hop 1y nhat. Néu do
thi dau vao duoc cho béi mot cach biéu dién bat hop i, ching ta can chuyén doi
cach biéu dién khéac dé thuén tién trong viéc trién khai thuat toan.

Ta xét bai toan chuyén ddi cac cach biéu dién don d thi ¢ hudéng G = (V,E) ¢
n dinh va m canh. C6 thé biéu dién db thi nay boi:

Ma tran ké:

var
a: arrayl[l..n, 1..n] of Boolean;

Danh sach canh:

type
TEdge = record
X, y: Integer;
end;
var
e: arrayl[l..m] of TEdge;

Danh sach ké (forward star) (biéu dién bang mang):

var
adj: arrayl[l..2 * m] of Integer;
head: array[l..n + 1] of Integer;

Danh sach lién thudc (forward star) (biéu dién bang ciu tric lién két)

type

TEdge = record

X, y: Integer;

end;
var

e: arrayl[l..m] of TEdge; //Danhsdchcanh

link: array[l..m] of Integer; //linkli]:chi sé canh ké tiép trong danh séch
lién thubc

head: arrayl[l..n] of Integer; //head[i]: chi s& canh dau
tién trong danh sach 1ién thudc




a) Chuyén dbi giita ma trin ké va danh sdich canh
Néu d6 thi G duge cho bdi ma tran ké A = {aij}nxn trong d6 a;; = True<(i,j) €

E, ta c6 thé xay dung danh sach canh twong tng bang cach duyét tat ca cac cip
(i, /), néu q; ; = True thi dua cip nay vao danh sach canh e.

k = 0;
for i := 1 to n do
for j := 1 to n do
if al[i, j] then
begin

Nguoc lai, néu dd thi G cho béi danh sach canh e, ta c6 thé xady dung ma tran ké A
br:ing cach khai tao cac phﬁn tir cua A 1a False rdi duyét danh sach canh, mdi khi
duyét qua cung (x,y), ta dat a,,, == True.

for i := 1 to n do
for j := 1 to n do al[i, Jj] := False;
for k := 1 to m do
with e[k] do
alx, yl := True;

b) Chuyén doi giita ma trgn ké va danh sdach ké

T ma tran ké A = {ai]-}nxn, ta co thé xdy dung hai mang adj[1..m] va
head[1..n + 1] sao cho cac phan tir trong mang adj tir chi s6 head[u] + 1 t6i
chi s6 head[u + 1] chira danh sach ké ciia dinh u. Hai mang nay 1a danh sach ké
dang forward star ctia dd thi.

head[n + 1] := m;
for i := n downto 1 do
begin
head[i] := head[i + 1];
for j := n downto 1 do
if al[i, j] then
begin
adj [head[i]] := 7j;
head[i] := head[i] - 1;
end;

end;




Nguoc lai, ching ta c6 thé xdy dung ma tran ké tir danh sach ké theo cach: Pt
cac phén tr clia ma tran ké A br?mg False, sau 6 v6i mdi dinh u, duyét cac dinh v
thudc danh sach ké cia né va dit a,,, = True.

for i := 1 to n do
for j := 1 to n do al[i, Jj] := False;
for u := 1 to n do
for k := head[u] + 1 to head[u + 1] do
alu, adjlk]] := True;

¢) Chuyén déi giva danh sdch canh va danh sdach ké

Tir danh sach canh e, ta c6 thé x4y dung hai mang adj va head twong tmg véi
danh séach ké dang forward star bang thuét todn dém phan phoi.

Trude hét, ta tinh cac head[u] 1 bac cua dinh u (Vu € V):

for u := 1 to n do head[u] := 0;
for 1 := 1 to m do
with e[i] do
head[x] := head[x] + 1;

Sau do, ta chia mang adj thanh n doan, doan thr u s€ chta céc dinh ké voi
dinh u. Dé xac dinh vi tri cac doan nay, ta dit mdi head[u] tré t6i vi tri cudi doan
thir u:

for u := 2 to n do
head[u] := head[u - 1] + head[ul];

Tiép theo 1a duyét lai danh sach canh, mdi khi duyét téi canh (x,y) ta dwa y vao
mang adj tai vi tri head[x], dua x vao mang adj tai vi tri head[y] dong thoi
giam hai con tré head|[x] va head[y] di 1.

for i := m downto 1 do
with e[i] do
begin
adjlhead[x]] := y; head[x] := head[x] - 1;
end;

Dén day, chung ta c6 mang adj phan 1am n doan, trong d6 head[u] 13 vi tri dimg
lién trude doan tht u. Viée cubi cung la dat:

| head[n + 1] := m;

Viéc chuyén ddi tir danh sach ké sang danh sach canh dugc thuc hién don gian
hon: V&i mdi dinh u, ta xét cac dinh v thudc danh sach ké cia nd va dua (u, v)
vao danh sach canh e.
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i := 0;
for u := 1 to n do
for k := head[u] + 1 to head[u + 1] do
begin
v := adjlk];
i =1+ 1;
el[i]l.x = u; el[il.y = v;
end;

d) Chuyén doi giita danh sach canh va danh sdach lién thuc
Ba1 danh sach lién thudc duoc dic ta da bao gém danh sach canh, ta chi quan tdm
td1 van de chuyén doi tir danh sach canh thanh danh sach lién thudc.

Trude hét véi moi dinh u ta dit head[u] == 0 dé khoi tao danh sach lién thude
clia u bang @.

|for u := 1 to n do head[u] := 0;

Tiép theo ta duyét danh sach canh, mdi khi duyét qua mot cung (x,y) ta moc ndi
cung nay vao danh sach lién thudc cac cung di ra khoi x:

for i := m downto 1 do
with e[i] do

begin
link[i] := head[x];
head[x] := 1i;

end;

Véi cac bai toan ma chung ta s& khao sat, ciing c6 mot sd thuat toan khong phu
thudc nhiéu va cach biéu dién db thi, trong truong hop ndy toi s& chon cdu tric dit
liéu dé cai dat va trinh bay nhéat dé viéc doc hiéu thuét toan/chuong trinh dugc
thuan tién hon.

Bai tap
5.1. Cho mét dd thi ¢6 hudéng n dinh, m canh duoc biéu dién bang danh sach ké,
trong 46 mdi dinh u s& duoc cho twong tmg v6i mot danh sach cac dinh ndi
tr u. Cho mot dinh v, hdy tim thuat toan tinh ban bac ra va ban bac vao ctua
v. Xac dinh dd phuc tap tinh toan ctia thuat toan
5.2. Do thi chuyén vi caa dd thi c6 hudéngG = (V,E) 1a db thi GT = (V,ET),
trong do:
ET = {(u,v): (v,u) € E}
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5.3.

5.4.

5.5.

5.6.

5.7.

5.8.

Hiy tim thuat toan x4y dung GT tir G trong hai truong hop: G va GT duge
biéu dién béng ma tran ké; G va GT dugce biéu dién béng danh séach ké.
Cho da db thi v6 hudéng G = (V, E) duoc biéu dién bang danh sach ké, hay
tim thuat toan O(|V| + |E]) dé xay dung don d6 thi G’ = (V,E") va biéu
dién G’ bang danh sach k&, biét rang d6 thi G’ gdm tit ca cac dinh cua do thi
G va cic canh song song trén G duoc thay thé bang duy nhat mot canh trong
G'.
Cho da dd thi G dugc biéu dién bang ma tran ké A = {a;;} trong d6 a;; 14 s6
canh ndi tir dinh i téi dinh j. Hiy chimg minh ring A* 13 ma trén B = {bi j}
trong do b;; 1a s6 duong di tir dinh i t6i dinh j qua dung k canh. Goi ¥: Sir
dung chung minh quy nap.
Cho don d6 thi G = (V,E), ta goi binh phuong ciia mot dd thi G 1a don
d6 thi

G? = (V,E?)
sao cho (u, v) € E2 néu va chi néu ton tai mot dinh w € V sao cho (u, w)
va (w,v) déu thuoc E. Hiy tim thuat toan O(|V|3) dé xay dung G2 tir G
trong trudng hop ca G va G2 dugc biéu dién bang ma tran ké, tim thuat toan
O(|E| + |V]?) d@é xay dung G2 tir G trong truong hop ca G va G2 dugc biéu
dién bang danh sach ké.
Xay dung céu trac dit liéu dé biéu dién do thi vo hudng va cac thao tac:
e Liét ké cc dinh ké v6i mot dinh cho trudce trong thoi gian O(|E|)
e  Kiém tra hai dinh c6 ké nhau hay khong trong thoi gian 0(1)
e Loai b6 mot canh trong thoi gian 0(1)
Véi d6 thi G = (V, E) duoc biéu dién bang ma tran ké, da sé cac thuat toan
trén do thi s& c6 do phirc tap tinh toan Q(|V|?), tuy nhién khéng phai khong
c6 ngoai 1. Ching han bai toan tim “bdn chta” (universal sink) trong d6
thi: bdn chua trong dd thi co hudng 1a mot dinh ndi tir tat ca cac dinh khac
va khong c6 cung di ra. Hay tim thuat toan O(|V|) dé xac dinh su ton tai va
chi ra bon chira trong d6 thi c6 hudng.
Nguoi ta con ¢o thé biéu dién dd thi béng ma trdn lién thuoc (incidence
matrix): Vi @6 thi ¢6 hudéng G = (V, E) c6 n dinh va m cung, ma tran lién
thudc B = {bl- j} cua G kich thuéc m X n, trong do:



—1, néu cung thi j di ra khoi dinh i
bij =4 1, néu cung thir j di vao dinh i
0, néu cung thir j khong lién thudc véi dinh i
Xét BT 1a ma tran chuyén vi ctia ma tran B, hiy cho biét y nghia cia ma tran
tich BBT

3. Cac thuat toan tim kiém trén doé thi

3.1. Bai toan tim duwong
Cho d6 thi G = (V,E) va hai dinh s,t € V.
Nhic lai dinh nghia dudng di: Mot ddy cac dinh:

P = (s =pgy,p1, -, Px = t), (Vi (gi_l,pi) €EE)
duogc goi 1a mot duong di tur s tdi t, duong di nay gom k + 1 dinh pg, p4, ..., P V@
k canh (pg,p1), (P1,02), » Pr—1,Pr). Pinh s duoc goi 1a dinh dau va dinh ¢
duoc goi 1a dinh cudi cua duong di. Néu ton tai mot duong di tur s téi t, ta noéi s
dén duoc t va t dén dugc tirs: s ~ ¢t.

() « O O ()

Hinh 5-10: Dé thi va dwong di

Trén ca hai d6 thi & Hinh 5-10, (1,2,3,4) 1a duong di tir dinh 1 toi dinh 4.
(1,6,5,4 ) khong phai duong di vi khong co canh (cung) (6,5).

Mot bai toan quan trong trong li thuyét dd thi 14 bai toan duyét tit ca cac dinh c6
thé dén dugc tir mot dinh xudt phat nao do. Vén dé nay dua vé mot bai toan liét ké
ma yéu cdu cta no 1a khong duoc bo sét hay lap lai bat ki dinh ndo. Chinh vi vay
ma ta phai xdy dung nhiing thuat toan cho phép duyét mot cach hé théng cac dinh,
nhitng thuét toan nhu vay goi 1a nhiing thuat toan tim kiém trén d6 thi (graph
traversal). Ta quan tim dén hai thuat toan co ban nhat: thut toan tim kiém theo
chiéu sau va thuat toan tim kiém theo chiéu rong.

Trong nhitng chuong trinh cai dit duéi dy, ta gia thiét rang dd thi duoc cho 1a dd
thi c6 huéng, sé dinh khong qua 10°, sb cung khong qua 10°, cac dinh duge danh



sd tir 1 t6i n va ddng nhit v6i sé hiéu cia chung. Khuén dang Input/Output quy

dinh cu thé nhu sau:

Input

e Dong 1 chira s6 dinh n, dinh xuét phat s va dinh can dén t.

e n dong tiép theo, dong thr i chira mot danh sach cac dinh, mdi dinh j trong
danh sach twong tmg véi mot cung (i, j) ctia d6 thi, ngoai ra c6 thém mot sé 0
& cudi dong dé bao hiéu két thic.

Output

e Danh sach cac dinh c6 thé dén duoc tir s

e Duongditir s téi t néu co

Reachable vertices from 1:
1, 2, 3, 5, 4, 6,

The path from 1 to 5:
5<-3<-2<-1

8
2
3
1
6
0
2
8
0

3.2. Bi¢u dién db thi

Do thi duoc biéu dién béng danh sach ké dang forward star, mdi dinh u s& dugc
cho twong tng v&i mot danh sach cac dinh ndi tir u. Néu dd thi c6 n dinh thi c6
téng cong n danh sach k&, goi m 1a tong sd phan tir trén tit ca cac danh sach ké.
Khi 46 m = |E|, nhu d3 quy uéc, m < 10°.

Céu tric dit liéu duogc cai dit bang mang adj[1 ...m] mang nay dugc chia lam n
doan lién tiép, doan thtr u chtra danh sach cac dinh ndi tir u. Vi tri cia cac doan
dugc xac dinh boi mang head[0 ...n] trong d6 head[u] 14 vi tri cudi doan thir u,
quy udc head[0] = 0. Nhu vy cac dinh ndi tir u s& nam lién tiép trong mang adj
tir chi s6 head[u — 1] + 1 t6i chi sb6 head[u].

144



3.3. Thuit toan tim kiém theo chiéu siu

a) Y tuéng

Tu tudng ciia thudt toan tim kiém theo chiéu séu (Depth-First Search — DFS) ¢6
thé trinh bay nhu sau: Trudc hét, di nhién dinh s dén dugc tir s, tiép theo, v&i moi
cung (s, x) ciia do thi thi x ciing s& dén dugc tir s. Vi mdi dinh x do thi tat nhién
nhimng dinh y ndi tir x ciing dén duoc tir s... Pidu d6 goi ¥ cho ta viét mot thi tuc
dé quy DFSVisit(u) md ta viéc duyét tir dinh u bang cach tham dinh u va tiép tuc
qua trinh duyét DFSVisit(v) voi v 1a mot dinh chua tham ndi tir u.

Ki thuat danh ddu dugc sir dung dé tranh viée liét ké lip cac dinh: Khoi tao
avail[v] := True,Vv € V, mdi lan thim mot dinh, ta ddnh diu dinh do6 lai
(avail[v] := False) dé cac budc duyét dé quy ké tiép khong duyét lai dinh d6 nita
Dé luu lai duong di tir dinh xudt phat s, trong tha tuc DFSVisit(u), trudc khi goi
dé quy DFSVisit(v) voi v 1a mot dinh chua thim ndi tir u (chua danh déu), ta luu
lai vét duong di tir u t6i v bang cach dat trace[v] = u, tuc 1a trace[v] luu lai
dinh lién truée v trong duong di tir s t6i v. Khi thuat toan DFS két thac, duong di
tur s toi t s€ la:

(p1 =t « py = trace[p;] « p3 = trace[p;] « -+ < s)

procedure DFSVisit (u€V); //Thuittoan tim kiém theo chiéu sau tir dinh u
begin
avail[u] := False; //availlu] = False & u d& thdm
Output <« u; //liétkéu
for VVvEV: (u, v)EE do //Duydtmoidinh v chua tham néitl u
if avail[v] then
begin
trace[v] := u; //Luu vét dudng di, dinh 1ién truéc v trén dudng di
th s tdéi v 1a u
DFSVisit (v); //Goi d& quy d& tim kiém theo chiéu siu tu dinh v
end;
end;
begin //Chuong trinh chinh
Input — Pd thi G, dinh xudt phat s, dinh dich t;
for VVEV do avail[v] := True; //Panhdéumoidinh déu chua thdm
DFSVisit (s);
if avail[t] then //sditéidwoct
«Truy theo vét tir t dé tim dudng di tu s tdi t»;

end.




b) Cai dat

DFS.PAS v Tim dwdng bang DFS

{SMODE OBJFPC}
{$M 4000000}
program DepthFirstSearch;

const
maxN = 100000;
maxM = 1000000;
var

adj: arrayl[l..maxM] of Integer; //Cdc danh séch ké

head: array[0..maxN] of Integer; //Mang danh déu vj tri cét doan trong
adj

avail: array[l..maxN] of Boolean;

trace: arrayl[l..maxN] of Integer;

n, s, t: Integer;
procedure Enter; //Nhap diliéu
var

u, v, i: Integer;

begin
ReadLn(n, s, t);
i := 0;
for u := 1 to n do

begin //Poc danh séch ké cla u

repeat
read(v) ;
if v <> 0 then //Thémvvdo mang adj
begin
Inc(i); adj[i] := wv;
end;
until v = 0;
head[u] := i; //Poc hét motdong, déanh déu vi tri cat doan thir u
Readln;
end;
head[0] := 0; //Cam canh

end;
procedure DFSVisit (u: Integer); //Thudt toan tim kiém theo chiéu sau bat
dau teru
var
i: Integer;
begin
avail[u] := False;
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Write(u, ', "); //liétkéu

for 1 := head[u - 1] + 1 to head[u] do,ﬂmwén2CJMhaWMn6ku
if availl[adj[i]] then
begin
traceladj[i]] := u;
DFSVisit (adj[i]):
end;
end;

procedure PrintPath; //Indwong diters toit

begin
if avail[t] then //Ttrs khbng co dwong toit
WritelLn (' There is no path from ', s, ' to ', t)
else
begin

WriteLn ('The path from ', s, ' to ', t, ':');
while t <> s do //Truyvétngu«_)’c tirtvés

begin
Write(t, '<-=-'");
t := tracelt];
end;

WriteLn (s);
end;
end;
begin
Enter;
FillChar (avail[l], n * SizeOf(avail[l]), True);
WriteLn ('Reachable vertices from ', s, ': ");
DFSVisit (s);
WritelLn;
PrintPath;
end.

C6 thé khong can mang danh diu avail[1 ...n] ma ding luén mang trace[1 ...n]
dé danh dau: Khoi tao cac phan tir mang trace[1 ...n] la:

{trace[s] 0
trace[v] =0,Vv # s

Khi d6 didu kién dé mot dinh v chwa thim 1a trace[v] = 0, mdi khi tir dinh u
tham dinh v, phép gan trace[v] == u sé& kiém ludn cong viéc danh dau v di tham
(trace[v] # 0).
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MGt vai tinh chit ciia DFS

Cay DFS

Néu ta sdp xép danh sach ké ctia mdi dinh theo thir tu ting dan thi thuat toan DFS
ludn tra vé dudng di c6 thir tu tir dién nho nhat trong sé tat ca cac duong di tir s
toi toi t.

Qué trinh tim kiém theo chiéu sau cho ta mot ciy DFS gbc s. Quan hé cha—con
trén cdy duoc dinh nghia 1a: néu tir dinh u toi tham dinh v (DFSVisit(u) goi
DFSVisit(v)) thi u 1a nat cha cta nat v. Hinh 5-11 1a d6 thi va cay DFS tuong
g véi dinh xuét phat s = 1.

@ 2
I S SN
HDOO OOGC
oyo oy

Hinh 5-11: Dé thi va ciy DFS
Mb hinh duyét do thi theo DFS
Cai dat trén chi l1a mgt ing dung cua thuat toan DFS dé liét ké cac dinh dén duoc
tor mot dinh. Thuat toan DFS dung dé duyét qua cac dinh va cac canh cua do thi
duoc viét theo mé hinh sau:

procedure DFSVisit (u€V); //Thuittoan tim kiém theo chiéu sau tir dinh u

begin
Time := Time + 1;
d[u] := Time;

Output <« u; /Liétkéu

for VvEV: (u, v)€EE do ﬂImﬂ%nmimhhvn&tdu

) if d[y] = 0 then DFSVisit (v); //Néu v chuwra tham, goi dé quy dé tim
kiem theo chiéu sau tir dinh v

Time := Time + 1;

flu] := Time;
end;
begin //Chuong trinh chinh

Input — Pd thi G

148



for VveV do d[v] := 0; /Moidinh déu chura duoc duyétdén
Time := 0;
for VVEV do
if d[v] = 0 then DFSVisit (v);
end.

Thuét toan nay s€ tham tat ca cac dinh va cac canh cta dd thi va tht tu thim duoc
goi la thtr tu duyét DFS. Nhu vi du & dd thi trong bai, thir tu tham DFS véi cac
dinh la:
1,2,3,5,4,6,7,8
Thir tu tham DFS véi cac canh la:
(1,2);(2,3); (3,1); (3,5); (2,4); (4,6); (6,2); (1,3); (7,8)

Thoi gian thyc hién giai thuat cia DFS c6 thé danh gia bang s lan goi thu tuc

DFSVisit (|V] 14n) cong véi s6 lan thyuc hién cua vong lip for bén trong tha tuc

DFSVisit. Chinh vi vay:

e Néu dod thi duoc biéu dién béng danh sach ké hodc danh sach lién thudc, vong
lap for bén trong thii tuc DFSVisit (xét tong thé ca chuong trinh) s& duyét
qua tat ca cac canh cua do thi (mdi canh hai 14an néu 1a d6 thi vo hudng, mdi
canh mot 1an néu 1a do thi c6 hudng). Trong truong hop nay, thoi gian thuc
hién giai thuat DFS 1a @(|V| + |E|)

e Néu d6 thi dugc biéu dién bang ma tran ké, vong lip for bén trong mdi thu
tuc DFSVisit s& phai duyét qua tat ca cac dinh 1 ...n. Trong trudong hop nay
thoi gian thyc hién giai thuat DFS 1a O(|V| + [V|?) = 0(|V|?).

e Néu dd thi duoc biéu dién bang danh sach canh , vong lip for bén trong thii
tuc DFSVisit s& phai duyét qua tat ca danh sach canh mdi 1an thyc hién thu
tuc. Trong truong hop nay thoi gian thuc hién giai thuat DFS 1a O(|V||E]).

Thir ty duyét dén va duyét xong

Hay dé y thu tuc DFSVisit(u):

e Khi bit dau vao thu tuc ta néi dinh u duoc duyér dén hay dugc thim
(discover), ¢6 nghia 1 tai thoi diém do, qua trinh tim kiém theo chiéu sau bat
dau tir u s& xay dyng nhanh cay DFS gbc u.

e Khi chuan bj thoat khoi thi tuc dé 1ui vé , ta néi dinh u duoc duyét xong
(finish), c6 nghia 1a tai thoi diém d0, qué trinh tim kiém theo chiéu sau tir u
két thuc.

Trong md hinh duyét DFS ¢ trén, ching ta st dung mot bién dém Time dé xac

dinh thoi diém duyét dén d,, va thoi diém duyét xong f, ciia mdi dinh u. Thir ty



duyét dén va duyét xong nay c6 y nghia rat quan trong trong nhiéu thuat toan c6
ap dung DFS, chéng han nhu cac thuat toan tim thanh phﬁn lién thong manh, thuat
toan sip xép t6 po...

Pinh li 5-6

Voi hai dinh phan biét u, v:

e Pinh v duwoc duyét dén trong thoi gian tir d,, dén f,: d[v] € [dy, f,] néu
va chi neu v la hau dué cua u trén cdy DFS.

e Dinh v dwoc duyét xong trong thoi gian tir d,, dén f,:

fv] € [dy, f,] néu va chi néu v la hdu dué ciia u trén cdy DFS.

Chdrng minh
Bén chit cia viéc dinh v duoc duyét dén (hay duyét xong) trong thoi gian tir d,, dén f,
chinh 14 thu tuc DFSVisit(v) duoc goi (hay thoat) khi ma thii tuc DFSVisit(u) da bit dau
nhung chua két thiic, nghia 1a thi tuc DFSVisit(v) dugc diy chuyén dé quy tir
DFSVisit(u) goi toi. Pidu nay chi ra raing v ndm trong nhanh DFS gdc u, hay ndi cach
khéc, v 1a hau dué cia u.
H¢ qua
Voi hai dinh phan biét (u,v) thi hai doan [dy, f,] va [dy, f,,] hodc roi
nhau hodc chira nhau. Hai doan [dy, f,] va [dy, f,] chita nhau néu va chi
néuu va v co quan hé tiéen boi—hdu dué.
Chdrng minh
D@ thy rang néu hai doan [dy, f,] va [d,, f,] khong roi nhau thi hoic d,, € [d,, f,] hodc
d, € [dy, f,], tic 1a hai dinh (u, v) c6 quan hé tién bdi-hau dué, ap dung Dinh li 5-6, ta co
DPCM.
Dinh li 5-7
Véi hai dinh phan biét uw # v ma (w,v) € E thi v phai dwoc duyét dén
truoc khi u dwoc duyét xong:

(w,v) EE=>d, <fy, (0.1)

Chdeng minh
Day 14 mot tinh cht quan trong cua thuat toan DFS. Hay dé ¥ thu tuc DFSVisit (u), trudc
khi thoat (duyét xong u), né s& quét tit ca cac dinh chua thim nbi tir u va goi dé quy dé
tham nhitng dinh d¢, tirc 1a v phai duoc duyét dén trudc khi u duge duyét xong: d,, < f,.
Pinh li 5-8 (dinh li dwong di tring)
Dinh v la hdu dué thuc sy cua dinh u trong mot cay DFS néu va chi néu
tai thoi diem d,, ma thuat toan tham toi dinh u, ton tai mot duwong di tor u
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duwoc tham.

‘ 16i v ma ngoaqi triv dinh u, tat ca cdc dinh khéc trén dwong di déu chua

Chdeng minh

113 2

—
Néu v 1a hau dué cua u, ta xét duong di tir u téi v doc trén cac cung trén cdy DFS. Tét ca
cc dinh w nim sau u trén duong di nay déu 1a hau dué cua u, nén theo Pinh 1i 5-6, ta co
d, < d,,, tirc 1a vao thoi diém d,,, tat ca cac dinh w d6 déu chua duoc thaim

113 t3)

I—
Néu tai thoi diém dy, tn tai mot dwdng di tir u téi v ma ngoai trir dinh v, tat ca cac dinh
khac trén duong di déu chua duge tham, ta s€ chung minh rang moi dinh trén duong di nay
déu 1a hau dué cua u. That vay, gia su phan ching rang v* 1a dinh dau tién trén duong di
nay ma khong phai hau dué¢ cua u, tirc 1a ton tai dinh w lién trude v* trén duong di 1a hau
dué ctia u. Theo Dinh 1i 5-7, v* phai dugc tham trude khi duyét xong w: d,« < f,,; w lai la
hau dué cta u nén theo Pinh li 5-6, ta c6 f,, < f,,, vay d,+ < f,,. Mét khac theo gia thiét
rang tai thoi diém d,, thi v* chua dugc tham, tuc 1a d, < d,+, két hop lai ta ¢6 d,, €
[dy, f], vay thi v* 1a hdu dué cta u theo Pinh li 5-6, trai vdi gia thi€t phan ching.

Tén goi “dinh 1i duong di trang: white-path theorem” xuét phat tir cach trinh bay

thuat toan DFS béng co ché t6 mau dd thi: Ban du cac dinh duoc t6 mau tréng,

mbi khi duyét dén mét dinh thi dinh d6 duoc t6 mau xam va mdi khi duyét xong
mot dinh thi dinh d6 duoc t6 mau den: Pinh 1i khi d6 co thé phat biéu: Piéu kién
can va du dé dinh v 12 hau dué thuc su cua dinh u trong mdt cay DFS 1a tai thoi
diém dinh u duoc t6 mau xam, ton tai mot duong di tir u té1 v ma ngoai tru dinh
u, tAt ca cac dinh khéc trén dudng di déu c6 mau tring.

3.4. Thuit toan tim kiém theo chiéu rong

a) Y twong

Tu tudng cua thudt toan tim kiém theo chidu rong (Breadth-First Search — BES) 1a
“lap lich” duyét cac dinh. Viéc tham mot dinh s€ Ién lich duyét cac dinh ndi tr n6
sao cho thir tu duyét 1a wu tién chiéu rong (dinh nao gan dinh xuat phat s hon s&
dugc duyét trudc). Pau tién ta thim dinh s. Viéc tham dinh s s& phat sinh thar tu
thim nhitng dinh uy,uy, ... ndi tir s (nhimg dinh gan s nhat). Tiép theo ta thim
dinh u,, khi thim dinh u, sé& lai phat sinh yéu cau thim nhitng dinh v;, v,, ... nbi
tir u;. Nhung rd rang cac dinh v nay “xa” s hon nhiing dinh u nén chung chi dugc
tham khi tit c4 nhiing dinh u d3 thim. TGc 1a tht tr duyét dinh s& la:
S, Uq, Uy, we)y Vg, Vg, oue



Hinh 5-12: Thir ty tham dinh ciia BFS
Thuét toan tim kiém theo chiéu rong st dung mot danh sach dé chua nhirng dinh
dang “cho” tham. Tai mdi budc, ta thim mot dinh dau danh sach, loai no ra khoi
danh sach va cho nhitng dinh chua “xép hang” k& v6i nd xép hang thém vao cudi
danh sach. Thuat toan s& két thuc khi danh sach rdng.

Vi nguyén tic vao trudc ra trudce, danh sach chira nhitng dinh dang chd thim duoc
t6 chirc du6i dang hang doi (Queue): Néu ta co Queue 1a mot hang doi voi thu tuc
Push(v) dé day mot dinh v vao hang doi va ham Pop tra vé mot dinh 13y ra tir
hang doi thi mé hinh cta giai thuat BFS c6 thé viét nhu sau:

Queue := (s); //Khdi tao hang doi chi gbm mét dinh s
for VVEV do
avail[v] := True;
avail[s] := False; //Panh diu chi cé dinh s duoc xép hang

repeat //Lip tdéi khi hang doi rdng
u := Pop; //L&y tu hang doi ra moét dinh u
Output « u; //Liét ké u

for VvEV:avail[v] and (u, v)€E do //Xét nhiing dinh v ké& u
chua duoc dady vao hang doi

begin
trace([v] := u; //Luu vét dudng di
Push(v); //PAy v vao hang doi
avail[v] := False; //Panh diu v da xép hang
end;
until Queue = @;

if avail([t] then //s di tdi duoc t
«Truy theo vét tu t d& tim dudng di tu s tdi t»;




b) Cai dat

BFS.PAS v Tim dwong bang BFS

{ SMODE OBJFPC}
program Breadth First Search;

const
maxN = 100000;
maxM = 1000000;
var

adj: array[l..maxM] of Integer; //Cdcdanh sdchké
head: array[0..maxN] of Integer; //Mang danh dau vjtri catdoan trong adj
avail: array[l..maxN] of Boolean;
trace: arrayl[l..maxN] of Integer;
n, s, t: Integer;
Queue: arrayl[l..maxN] of Integer;
front, rear: Integer;
procedure Enter; //Nhdp dirliéu
var
u, v, 1i: Integer;

begin
ReadLn(n, s, t);
i := 0;
for u := 1 to n do
begin //Poc danh séch ké cla u
repeat
read (v) ;
if v <> 0 then //Thémvvdo mang adj
begin
Inc(i); adj[i] := v;
end;
until v = 0;
head[u] := i; //Poc hét métdong, déanh déu vi tri cat doan thir u
Readln;
end;
head[0] := 0; //C4m canh
end;

procedure BFS; //Thudttodn tim kiém theo chiéu rong
var
u, 1: Integer;

begin
front := 1; rear := 1; //front:chisb diu hang doi: rear: chi sé cudi hang doi
Queue[l] := s; //Khéitao hang doi ban dau chi cé méi mét dinh s




Fil;Char(avail[l], n * SizeOf (avail[ll), True); //Cdcdinh déu
chwa xép hang
avail[s] := False; //ngoai trir dinh s dd xép hang
repeat
u := Queue[front]; Inc(front); //L&y tirhang doira métdinh u
Write(u, ', '"); //lLiétkéu
~ for i := head[u - 1] + 1 to head[u] do //Duyétnhiing dinh adjfi]
noi ter u
if avail[adj[i]] then //Néu dinh dé chwa tham
begin
Inc(rear); Queue[rear] := adjli]l; ﬂDéyvéohéngdm
availladj[i]] := False;
traceladj[1]] := u; /Lwuvétduwong di
end;
until front > rear;
end;
procedure PrintPath; //Indwong ditwrs toit
begin
if availlt] then //Ttrs khbéng c6 dwong téit
WriteLn (' There is no path from ', s, ' to ', t)
else
begin
WritelLn('The path from ', s, ' to ', t, '":');
while t <> s do //Truyvétnguoc tirtvés
begin
Write(t, '<-');
t := tracelt];
end;
WriteLn (s);
end;
end;
begin
Enter;
WriteLn ('Reachable vertices from ', s, ': ");
BFS;
Writeln;
PrintPath;
end.

Twong ty nhu thudt toan tim kiém theo chidu siu, ta co6 thé ding mang
Trace[1 ...n] kiém ludn chirc ning déanh dau.



¢) Mét vai tinh chit ciia BFS

Cay BFS

Néu ta sip xép cac danh sach ké ctia mdi dinh theo thtr tu ting dan thi thuat toan
BFS ludn tra vé duong di qua it canh nhat trong s6 tt ca cac dudng di tir s tdi t.
Néu c6 nhiéu duong di tir s toi t déu qua it canh nhét thi thuat toan BFS s& tra vé
dudng di c6 th tu tir dién nhé nhit trong sé nhimg duong di do.

Qué trinh tim kiém theo chiéu rong cho ta mot cy BFS gbc s. Khi thuat toan két
thiic Trace[v] chinh 14 nit cha ctia nat v trén cay. Hinh 5-13 14 d6 thi va cay BFS

tuong tmg v6i dinh xuit phat s = 1.

(1) (1)
N N N
() ) ) () @) )

Hinh 5-13: Dé thi va ciy BFS

M&b hinh duyét do thi theo BFS

Tuong tu nhu thudt toan DFS, trén thyuc té, thuat toan BFS cling dung dé xac dinh
mot thir tu trén cac dinh cua dd thi va duge viét theo mo hinh sau:

procedure BFSVisit (s€V);

begin
Queue := (s); //Kh&itao hang doi chi gém mét dinh s
Time := Time + 1;
d[s] := Time; //Duyétdén dinhs
repeat //Lip téi khi hang doi réng
u := Pop; /Ldy tir hang dgi ra mét dinh u
Time := Time + 1;
flul := Time; //Ghinhén théi diém duyét xong dinh u

Output <« u; /Liétkéu
for VVEV: (u, v)€EE do /Xét nhitng dinh v ké u
if d[v] = 0 then /Néuv chwa duyét dén
begin

Push (v) ; /Ddyv vio hing doi

(9]




Time := Time + 1;
d[v] := Time; //Ghinhdn thoi diém duyét dén dinh v
end;
until Queue = @;
end;
begin //Chwong trinh chinh
Input — Pd thi G;
for VvE€V do d[v] := 0; /Moidinh déu chwa dwoc duyét dén
Time := 0;
for VVEV do
if avail[v] then BFSVisit (v);

end.

Thoi gian thyc hién giai thuat ciia BFS twong ty nhu d6i voi DFS, bang O(|V| +
|E|) néu @6 thi dugc biéu dién bang danh sach ké hodc danh sach lién thudc, bang
0(|V|?) néu @6 thi dugc biéu dién bang ma tran k&, va bang O(|V||E|) néu db thi
dugc biéu dién bang danh sach canh.

Thir ty duyét dén va duyét xong

Twong ty nhu thuat toan DFS, d6i véi thut toan BFS nguoi ta ciing quan tim t6i
thir ty duyét dén va duyét xong: Khi mét dinh dugc déy vao hang doi, ta ndi dinh
d6 duoc duyét dén (duoc tham) va khi mét dinh duogc ldy ra khoi hang doi, ta noi
dinh d6 dugc duyét xong. Trong mo hinh cai dit trén, mdi dinh u s& twong tmg
v6i thoi diém duyét dén d,, va thoi diém duyét xong d,,

Vi cach hoat dong cia hang doi: dinh ndo duyét dén truéc s& phai duyét xong
trudce, chinh vi vay, viéc liét ké cac dinh co thé thuc hién khi chung dugc duyét
dén hay duyét xong ma khong anh huong téi thir tr. Nhu cach cai dat & trén, mdi
dinh duge danh ddu mdi khi dinh d6 duge duyét dén va duoc liét ké mdi khi nd
dugc duyét xong.

C6 thé stra d6i mot chiit md hinh cai dit bang cach thay co ché danh dau duyét
dén/chua duyét dén bang duyét xong/chua duyét xong:

Input — b4 thi G;
for VVvEV do availl[v] := True; /Pdnh diu moidinh déu chua duyét xong
Queue := @;
for VVvEV do Push (v); #/Khditao hing doi chira tit cd cdc dinh
repeat //Ldp téi khi hang dgi réng
u := Pop; /Ldy tir hang doi ra mét dinh u
if avail([u] then /Néu u chwa duyétxong

begin




Output <« u; //liétkéu
avail[u] := False; //Pdinhd4u u daduyétxong
for VvE€V: avail([v] and ((u, v)EE) do //Xétnhing dinhv kéu chua
duyét xong
begin
trace[v] := u; //lwuvétdwong di
Push (v) ; //Péy v vao hang doi
end;
until Queue = @;

Két qua cua hai cach cai dat khong khac nhau, sy khac biét chi nam & lugng bo

nhé can st dung cho hang doi Queue: O cach cai dat thi nhét, do co ché danh

dau duyét dén/chua duyét dén, mdi dinh s& duoc dua vao Queue diang mat lan va

lay ra khoi Queue dung mot 1an nén ching ta can khong quéa n 6 nhé dé chira cac

phan tir cia Queue. O cach cai dat thi hai, c6 thé c6 nhiéu hon n dinh dimg xép

hang trong Queue vi mot dinh v c6 thé dugc day vao Queue téi 1 + deg (v) lan

(tinh ca budc khai tao hang doi chira tit ca cac dinh), c6 nghia 1a khi to chuc dix

liéu, chung ta phai dy tru Y,ep (1 + deg (v)) = 2m + n 6 nhé cho Queue. Con

s6 nay dbi voi db thi c6 huéng 1a m + n 6 nho.

RO rang ddi voi BFS, céach cai dat nhu ban dau sé tiét kiém bd nhd hon. Nhung cé

diém dic biét 1a néu thay cau trac hang doi boi ciu triic ngin xép trong cach cai

dat tht hai, ta s€ dugc thu ty duyét dinh DFS. Day chinh la phuong phap khur dé

quy ctia DFS dé cai dat thuat toan trén cac ngdn ngir khong cho phép dé quy.

Bai tap

5.9. Viét chuong trinh cai dat thuat toan DFS khong dé quy.

5.10. Xét dd thi c6 huéng G = (V, E), dung thuat toan DFS duyét do thi G. Cho
mdt phan vi du dé chimg minh gia thuyét sau 1a sai: Néu tir dinh u ¢6 duong
di toi dinh v va u dugc duyét dén trude v, thi v nam trong nhanh DFS gc wu.

5.11. Cho d6 thi v6 huéng G = (V,E), tim thuat toan O(|V|) dé phat hién mot
chu trinh don trong G.

5.12. Cho d6 thi ¢6 hudéng G = (V,E) ¢6 n dinh, va mdi dinh i duoc gan mot
nhan 1a sb nguyén a;, tdp cung E cua do thi duoc dinh nghia 1a (u,v) €
E © a, = a,. Gia st réng thuat toan DFS dugc st dung dé duyét dd thi,
hay khao sat tinh chat ciia ddy cac nhan néu ta xép cac dinh theo thi tyr tir
dinh duyét xong dau tién dén dinh duyét xong sau cung.

5.13. Mé cung hinh chit nhat kich thudc m X n gébm cac 6 vudng don vi (m,n <
1000). Trén mdi 6 ghi mot trong ba ki tu:




e  O:Néu 6 d6 an toan

e  X:Néu 6 d6 co cam bay

e  E:Néula 6 co mot nha tham hiém dang dung.

Duy nhét chi ¢6 1 6 ghi chir E. Nha tham hiém c6 thé tir mot 6 di sang mot
trong sb cac 6 chung canh v6i 6 dang dimg. Mot cach di thoat khoi mé cung
la m&t hanh trinh di qua cac 6 an toan ra mdt 6 bién. Hay chi gitp cho nha
tham hiém mot hanh trinh thoat ra khéi mé cung di qua it 6 nhét.

4. Tinh lién thdng cua db thi
4.1. Pinh nghia

a) Tinh lién théng trén do thi vé hwong

Do thi vo hudéng G = (V, E) duoc goi 1a lién thong (connected) néu gitra moi cip

dinh cua G luon ton tai duong di. PO thi chi gom mdt dinh duy nhat cting dugc coi

la do thi lién thong.

Cho db thj v6 huéng G = (V, E) va U 1a mot tap con khac rdng cua tap dinh V. Ta

n6i U 1a mot thanh phan lién thong (connected component) cuia G néu:

e D0 thi G han ché trén tp U: Gy = (U, Ey) 1a d6 thi lién thong.

e Khong ton tai mot tap W chia U ma dd thi G han ché trén W 1a lién thong
(tinh toi1 dai cua U).

(Ta ciing déng nhat khai niém thanh phan lién théng U véi thanh phan lién thong

Gy = (U, Ey)).

Q—0

G,

Hinh 5-14: Dé thi va cdc thanh phan lién thong
Mot dd thi lién thong chi c6 mot thanh phan lién thong 1a chinh nd. Mot dd thi
khong lién thong s& ¢ nhiéu hon 1 thanh phan lién thong. Hinh 5-14 1a vi du vé
dd thi G va cac thanh phan lién thong G4, G,, G cta nd.



Doi khi, viéc xoa di mot dinh va tit ca cac canh lién thudc véi nod s& tao ra mot dd
thi con méi c6 nhiéu thanh phan lién thong hon d6 thi ban dau, cac dinh nhu thé
goi 1a dinh cdt (cut vertices) hay niit khép (articulation nodes). Hoan toan twong
tu, nhitng canh ma khi ta bo n6 di s€ tao ra mot dd thi c6 nhiéu thanh phén lién
thong hon so v&i dd thi ban dau dugc goi 1a canh cdt (cut edges) hay cdu
(bridges).

KhEp

|

C
Hinh 5-15: Khép va ciu

b) Tinh lién théng trén do thi cé hwong

Cho d6 thi ¢6 hudéng G = (V, E), ¢6 hai khai niém vé tinh lién thong ctia do thi co
hudng tuy theo chung ta c6 quan tdm tdi hudng cia cac cung khong.

G goi 1a lién théng manh (strongly connected) néu ludn ton tai dudng di (theo cac
cung dinh huéng) giira hai dinh bat ki cua do thi, G goi 1a lién théng yéu (weakly
connected) néu phién ban vo hudng ciia n6 1a d6 thi lién thong.

o

Lién théng Lién théng
Hinh 5-16: Lién théng manh va lién théng yéu

4.2. Bai toan xac dinh cac thanh phan lién thong

Mot bai toan quan trong trong li thuyét d6 thi 13 bai toan kiém tra tinh lién théng
ctia d6 thi vo hudng hay tong quat hon: Bai toan liét ké cc thanh phan lién thong
ctia d thi v hudng.

Dé liét ké cac thanh phan lién thong cua d6 thi vo hudng G = (V, E), phuong
phép co ban nhat 13 bit dau tir mot dinh bt ki, ta liét ké nhimg dinh dén duoc tir
dinh d6 vao mdt thanh phén lién thong, sau do loai tat ca cac dinh da liét ké ra
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khoi do thi va lap lai, thuat toan s& két thiic khi tap dinh ciia d6 thi tro thanh @
Viéc loai bo dinh ciia db thi c¢6 thé thyc hién bang co ché danh dau nhing dinh bi
loai:

procedure Scan (u€v)
begin
~«Dung BFS hodc DFS 1liét ké& va danh diu nhitng dinh c6 thé
dén dugc tu u»;
end;
begin
for Vu€v do
«Khoi tao v chua bi danh diu»;
Count := 0;
for Vu€Vv do
if «u chua bi danh diu» then
begin
Count := Count + 1;
Output <« «Théng bado thanh phdn lién théng thit Count
gém cac dinh :»;
Scan (u) ;
end;
end.

Thoi gian thuc hién giai thuat dung bang thoi gian thyc hién giai thuat duyét dd
thi bang DFS hoic BFS.

4.3. Bao déng ciia d6 thi vé huéng

a) Dinh nghia

Db thi day du v6i n dinh, ki hiéu K,,, 1 mot don do thi v huéng ma giira hai dinh
n(n-1)
2

bat ki ciia n6 déu c6 canh ndi. Po thi dﬁy du K,, c6 ding (Z) = canh, bac

ciamoidinhdéulan—1

K; K, Ks

Hinh 5-17: Dé thi day di
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b) Bao dong do thi

V6i dd thi G = (V, E), ngudi ta xay dung dd thi G = (v, E) cling gdbm nhirng dinh
cua G con cac canh xay dung nhu sau:
Giira hai dinh u, v cua G c6 canh ndieGitra hai dinh u, v ctia G ¢ duong di
Do thi G xay dung nhu vay dugc goi 1a bao dong cua dd thi G.
Tir dinh nghia ciia d6 thi day du, va do thi lién thong, ta suy ra:
e Mot don db thi vo hudng 1a lién thong néu va chi néu bao dong cia no 1a dd
thi day du
e Mot don dd thi vo hudng c6 k thanh phan lién thong néu va chi néu bao déng
ctia n6 ¢ k thanh phan day du.

S

Hinh 5-18: Pon d6 thi vé hwéng va bao déng ciia né
Boi viéc kiém tra mot don db thi c6 phai do thi day du hay khong c6 thé thyc hién
kha d& dang (d¢ém s6 canh chang han) nén ngudi ta nay ra y tudng co thé kiém tra
tinh lién thong cua do thi thong qua viéc kiém tra tinh dy du cua bao doéng. Van
dé datrala phai c6 thuat toan xay dung bao dong cua mat dd thi cho trude va mot
trong nhiing thuat toan do6 la:

¢) Thudt toan Warshall

Thuét toan Warshall — goi theo tén ctiia Stephen Warshall, nguoi da mo ta thuat
toan nay vao nam 1960, doi khi con dugc goi 1a thudt todn Roy-Warshall vi
Bernard Roy ciing 3 mo ta thudt toan ndy vao nam 1959. Thuat toan d6 c6 thé
mo ta rat gon:

Gia str don d6 thi vé hudéng G = (V, E) c6 n dinh danh s tir 1 toi n, thuét toan
Warshall xét tat ca cac dinh k € V, véi mdi dinh k dugc xét, thuat toan lai xét tiép
tat ca cac cap dinh (i, j): néu db thi c6 canh (i, k) va canh (k, j) thi ta ty ndi thém
canh (i, /) néu nd chua cé. Tu tudng ndy dua trén mot quan sat don gian nhu sau:
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Néu tir i c6 duong di t6i k va tir k lai co duong di t6i j thi chidc chan tir i s& co
duong di to1 .

Thuat toan Warshall yéu cau do thi phai duoc biéu dién b?mg ma tran ké A =
{aij}, trong d6 a;; = True & (i,j) € E. M6 hinh cai dat thuat toan kha don gidn:

for k := 1 to n do
for 1 := 1 to n do
for j := 1 to n do

ali, j] := ali, j] or ali, k] and alk, 3JI;

Viéc ching minh tinh dung ddn cua thuat toan doi hoi phai 1at lai cac 1i thuyét vé

bao déng bac cdu va quan hé lién thong, ta s& khong trinh bay ¢ day. Tuy thuat

toan Warshall rat d& cai dat nhung doi hoi thoi gian thye hién gidi thuat kha 16n:

O(n3). Chinh vi vay thuat toan Warshall chi nén sir dung khi thuc su can toi bao

dong cua dd thi, con néu chi can 1iét ké cac thanh phén lién thong thi cac thuat

toan tim kiém trén dd thi t6 ra hiéu qua hon nhiéu.

Dudi day, ta s€ thir cai dat thuat toan Warshall tim bao dong ctia don dd thi vo

huéng sau d6 dém sé thanh phan lién thong ctia do thi:

Viéc cai dat thuat toan sé qua nhitng budc sau:

e Dung ma tran ké 4 biéu dién dd thi, quy u6c rang a;; = True, Vi

e Dung thuat todn Warshall tim bao dong, khi d6 A 1a ma tran ké cua dd thi bao
dong

e Dua vao ma tran ké A, dinh 1 va nhirng dinh ké v&i né s& thude thanh phﬁn
lién thong thir nhit; véi dinh u nao d6 khong ké voi dinh 1, thi u cung véi
nhitng dinh ké no s& thudc thanh phan lién thong thtr hai; voi dinh v nao d6
khong ké vé6i ca dinh 1 va dinh u, thi v cing v6i nhitng dinh ké no s& thudc
thanh phan lién thong thir ba v.v...

Input

e Dong 1: Chtra s6 dinh n < 200 va sb canh m caa do thi

e m dong tiép theo, mdi dong chira mot cip sd u va v twong tng voi mot canh
(u,v)

Output

Liét ké cac thanh phan lién thong ciia db thi
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N
=
(@}

4
3
6
5
7
9
1
1

Connected Component 1:
Connected Component 2:

Connected Component 3:
11, 12,

WARSHALL.PAS v Thuat toan Warshall liét ké cac thanh phan lién théng

{SMODE OBJFPC}
program WarshallAlgorithm;
const
maxN = 200;
var
a: array[l..maxN, 1..maxN] of Boolean; //Ma trdn ké cda dd thi
n: Integer;
procedure Enter; //Nhép dé thi
var
i, 3, k, m: Integer;

begin
ReadLn (n, m);
for i := 1 to n do
begin
FillChar(a[i][1], n * SizeOf(a[il[1l]), False);
ali, 11 := True;
end;
for k := 1 to m do
begin
Readln (i, j);
ali, jl := True;
alj, i1 := True; //B6 thivo hubdng: (i,j) = (j i)
end;

end;
procedure ComputeTransitiveClosure; //Thudttoan Warshall
var
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k, i, J: Integer;
begin
for k := 1 to n do
for i := 1 to n do

for j := 1 to n do
ali, j] := ali, j] or ali, k] and alk, Jl:

end;
procedure PrintResult;
var

Count: Integer;

avail: array [1..maxN] of Boolean; //avdillv]=True <> v chwa duoc liét ké
vao thanh phan lién théng nao

u, v: Integer;
begin

FillChar (avail, n * SizeOf (Boolean), True); //Moidinh déu chuwa
duorc liét ké vao thanh phan lién théng nao

Count := 0;
for u := 1 to n do
if availlu] then //V&i mét dinh u chwa dwoc liét ké vao thanh phén lién théng
nao
begin //Liét ké thanh phén lién thong chira u
Inc (Count) ;
Write ('Connected Component ', Count, ': '");
for v := 1 to n do
if alu, v] then //Xétnhiing dinh v ké u (trén bao déng)
begin
Write(v, ', '); //Liétké dinh dé vao thanh phén lién thong
chtra u
avail[v] := False; //Liétké dinh nao déanh dau dinh dé
end;
Writeln;
end;
end;
begin
Enter;

ComputeTransitiveClosure;
PrintResult;
end.

4.4. Bai toan xic dinh cac thanh phan li¢n thong manh
D6i voi db thi c6 hudng, ngudi ta quan tdm dén bai toan kiém tra tinh lién thong
manh, hay tong quat hon: Bai toan liét ké cac thanh phan lién thong manh cua do
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thi cé‘ huong. Céc thuat toan tim lfiém thanh th?ln lién thong manh hi¢u qua hién

nay déu dya trén thudt toan tim kiém theo chiéu sau Depth-First Search.

Ta s€ khao sat va cai dat hai thuat toan liét ké thanh phﬁn lién thong manh voi

khuon dang Input/Output nhu sau:

Input

e Dong dau: Chira s6 dinh n < 10° va s6 cung m < 10° ciia db thi.

e m dong tiép theo, mdi dong chira hai s6 nguyén u, v twong tmg véi mot cung
(u, v) cta do thi.

Output

Céc thanh phan lién thong manh.

=
=
ul

Strongly Connected
Component 1:

7, 6, 5,

Strongly Connected
Component 2:

4, 3, 2,

Strongly Connected
Component 3:

11, 10, 9, 8,

Strongly Connected
Component 4:

1,

1
1
1
2
3
4
4
5
6
.
8
9

R oS 0 01 J o0 00N B W oo DN

[nliNe)
(@}
00}

a) Phan tich
Xét thuat toan tim kiém theo chiéu sau:

procedure DFSVisit (u€v);
begin
«Thém u vao cay T»
for VVEV: (u, v)€EE do
if v¢T then
begin
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«Thém v va cung (u, v) vao cay T»;
DFSVisit (v) ;
end;
end;
begin
Input — P& thi G;
for VvEV do avail[v] := True;
for VVEV do
if avail[v] then
begin
«Tao ra mdét cdy rdng, goi la T»
DFSVisit (v) ;
end;

end.

Dé ¥ tha tuc tham dinh d¢ quy DFSVisit(w). Thi tuc nay xét tit ca nhimg dinh v
ndi tir u:

v=7lahduduécltau=>5
—(5,7) la cung xuoi

_

Vé&iu = 6, v =4 thudc nhanh cay DFS da duyét trwéc do
—(6,4) la cung chéo

v =2 latién bdi clau = 4
—(4,2) la cung nguoc

Hinh 5-19: Ba dang cung ngoai cdy DFS
e Néu v chua duogc thim thi di theo cung d6 tham v, tic 14 cho dinh v tré thanh
con cua dinh u trong cay tim kiém DFS, cung (u, v) khi d6 dugc goi 1a cung
DFS (Tree edge).
e Néu v di tham thi co ba kha ning xay ra d6i voi vi tri cia u va v trong ciy
tim kiém DFS:
— v la tién bbi (ancestor) cua u, tuc la v dugc tham trudc u va tha tuc
DFSVisit(u) do day chuyén dé quy tir thi tuc DFSVisit(v) goi téi.
Cung (u, v) khi d6 dwoc goi 1a cung nguwoc (back edge)
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— v la hau dué (descendant) cta u, tic 1a u dugc tham trudc v, nhung thu
tuc DFSVisit(u) sau khi tién dé quy theo mot huéng khac di goi
DFSVisit(v) roi. Nén khi ddy chuyén dé quy lui lai vé thi tuc
DFSVisit(u) s& thiy v 1a da thim nén khong thiam lai nita. Cung (u, v)
khi do6 goi 1a cung xuoi (forward edge).

— v thudéc mot nhanh DFS da duyét trude do, cung (u, v) khi d6 goi la cung
chéo (cross edge)

Ta nhan théy mét dic diém cua thuat toan tim kiém theo chiu siu, thuat toan
khong chi duyét qua cac dinh, n6 con duyét qua tit ca nhitng cung nira. Ngoai
nhitng cung nam trén cdy DFS, nhiing cung con lai ¢ thé chia 1am ba loai: cung
nguoc, cung xudi, cung chéo (Hinh 5-19).

b) Ciy DFS va cdc thanh phdn lién théng manh
Dinh 1i 5-9
Néu x va y la hai dinh thudc thanh phan lién théng manh C thi véi moi
dwong di tir x t6i y ciing nhw tir y t6i x. Tdt cd dinh trung gian trén
duong di déu phai thuoc C.
Chirng minh
Vi x va y 1a hai dinh thudc C nén c6 mot dudng di tir x t&i y va mdt dudng di khac tur y t6i
x. Néi tiép hai duong di nay lai ta s& duge mot chu trinh di tir x toi y r0i quay lai x trong
d6 v 1a mot dinh nam trén chu trinh. Diéu nay chi ra ring néu di doc theo chu trinh ta co
thé di tir x t6i v cling nhu tr v téi x, nghia la v va x thudc cung mot thanh phan lién thong
manbh.
Pinh 1i 5-10
Voi mét thanh phdn lién thong manh C bat ki, sé ton tai duy nhat mét dinh
r € C sao cho moi dinh ciia C déu thuéc nhdnh cdy DFS goc .

Chirng minh
Trong s6 cac dir}h cua C, chon r 1a dinh dugc thim dau tién theo thuét ,toén DFS. Ta s€
chung minh C ndm trong r{hénh DFS goc r. That vay: véi mot dinh v bat ki cua C, do C
lién thong manh nén phai ton tai mot duong di tr r téi v:
(r = X0, X1, e, X = V)
Tir Dinh li 5-9, tat ca cac dinh x, X, ..., X, déu thude C, lai do cach chon 7 nén ching sé
phai tham sau dinh r. Lai to Pinh li 5-8 (dinh 11" duong di trang), tﬁt, ca cac dinh
X1, X, ..., X = vV phai 1a hau du¢ cua r tic 1a chung déu thudc nhanh DFS goc r.
Dinh r trong chimg minh dinh li — dinh thdm trudc tat ca cac dinh khac trong C—
goi 14 chét cta thanh phan lién thong manh C. Mdi thanh phan lién théng manh ¢
duy nhit mot chét. Xét vé vi tri trong cdy DFS, chét ciia mot thanh phan lién
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thong manh la dinl} nérp cao qhét so voi cac dinh khac thuﬁ)c thanh phan do, hay
no6i cach khéc: 1a tién boi cua tat ca cac dinh thudc thanh phan do.

Pinh li 5-11

Vi mét chot v khéng la tién boi cua bdt ki chét nao khdc thi cdc dinh
thuoc nhanh DFS goc r chinh la thanh phan lién thong manh chira r.

Chirng minh

Vi moi dinh v ndm trong nhanh DFS gdc 7, goi s 1a chét ciia thanh phan lién thong manh
chira v. Ta s€ chiing minh r = s. That vay, theo Pinh li 5-10, v phai ndm trong nhanh DFS
gdc s. Vay v nam trong ca nhanh DFS gbc r va nhanh DFS gbc s, nghia 1 r va s ¢6 quan
hé tién bdi—hdu dué. Theo gia thiét  khong 1a tién bdi ciia bét ki chdt nao khac nén r phai
1a hau dué cua s. Ta c6 dudng di s ~ r ~ v, ma s va v thudc ciing mot thanh phan lién
thong manh nén theo Dinh 1i 5-9, r ciing phai thuc thanh phan lién thong manh d6. Mdi
thanh phan lién thong manh c6 duy nhat mot cht ma r va s déu la chdtnénr = s.

Theo Binh li 5-10, ta dd co thanh phan lién thong manh chita 7 nim trong nhanh DFS gbc
7, theo chimg minh trén ta lai c6: Moi dinh trong nhanh DFS gdc r ndm trong thanh phan
lién théng manh chira . Két hop lai dwgc: Nhanh DFS gbc r chinh 14 thanh phan lién
thong manh chua r.

¢) Thudt toan Tarjan

Y tuéng

Hinh 5-20: Thudt toan Tarjan “bé” cdy DFS
Thuat toan Tarjan [40] ¢ thé phat biéu nhu sau: Chon r 1a chét khong 1a tién bdi
ctia mot chdt nao khac, chon léy thanh phén lién thong manh tha nhét 13 nhanh
DFS gbc r. Sau d6 loai bé nhanh DFS gbc 7 ra khoi cay DFS, lai tim thdy mot
chét s khac ma nhanh DFS gdc s khong chira chdt nao khac, lai chon 1dy thanh
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phan lién thong manh th{r hai 1a nhanh DFS gdc s... Twong tu nhu vy cho thanh
phﬁn lién thong manh thu ba, thu tu, v.v... Co thé hinh dung thuat todn Tarjan
“bé” cay DFS tai vi tri céac chdt dé duoc cac nhanh roi rac, moi nhanh 13 mot
thanh phan lién théng manh.

Mo hinh cai dat cua thuat toan Tarjan:

procedure DFSVisit (u€v);
begin
«banh diu u da tham»
for VvEV: (u, Vv)€EE do
if «v chua tham» then DFSVisit (v);
if «u 1la chbt» then
begin
«Liét ké& thanh phan lién théng manh tuong tng voi chdt u»
«Loai bd cac dinh da 1iét ké& khoéi dd thi va cay DFS»
end;
end;
begin
«banh diu moi dinh déu chua thim»
for VVEV do
if «v chua tham» then DFSVisit (v);
end.

Trinh bay dai dong nhu vy, nhung bay gid chung ta méi thao ludn toi vin dé
quan trong nhat: Lam thé nao kiém tra mot dinh r ndo d6 co phai 1a chdt hay
khong ?
Pinh li 5-12
Trong mé hinh cdi ddt cia thudt toan Tarjan, viéc kiém tra dinh r ¢6 phdi
la chét khéng dwoc thuc hién khi dinh v dwoc duyét xong, khi dé r 1a chét
néu va chi néu trong nhanh DFS goc v khong c¢é cung téi dinh tham
truoc .
Chdrng minh
Ta nhic lai cac tinh chit cua 4 loai cung:
®  Cung DFS va cung xudi nbi tir dinh tham trude dén dinh thdm sau, hon nira ching déu
1a cung n6i tir tién boi to1 hau dué

®  Cung nguoc va cung cheéo nbi tir dinh tham sau t6i dinh tham trudc, cung nguoc ndi tir
héu dué t6i tién bdi con cung chéo ndi hai dinh khong c6 quan hé tién bdi—hau dué.

Néu trong nhanh DFS gbc r khong c6 cung téi dinh thim trudc r thi tirc 1a khong ton tai
cung nguoc va cung chéo di ra khoi nhanh DFS gbc r. Didu d6 chi ra rang tir 7, di theo cac
cung cua dd thi s€ chi dén duoc nhiing dinh nam trong ndi by nhanh DFS géc r ma thoi.
Thanh phan lién thong manh chira  phai ndm trong tap cc dinh c6 thé dén tir r, tap nay lai
chinh la nhanh DFS géc r,vaynénr la chét.
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Nguoc lai, néu tir dinh u cta nhanh DFS géc r ¢ cung (u, v) téi dinh thim trude r thi cung
d6 phai 1a cung nguoc hodc cung chéo.

Néu cung (u, v) 1 cung nguoc thi v 14 tién bdi cua u, ma r ciing 1a tién bdi ciia u nhung
tham sau v nén r 1a hau dué cta v. Ta c6 mét chu trinh v ~ r ~ u = v nén ca v va r thude
cung mét thanh phén lién thong manh. Xét vé vi tri trén cdy DFS, v la tién bdi cua r nén r
khong thé 1a chdt

Néu cung (u,v) 1a cung chéo, ta goi s 1a chdt cua thanh phé“m lién thong manh chira v. Tai
thoi diém tha tuc DF. S Visg't(u) xét téi cung (u,v), dinh r ’dé dugc duyét dén nhung chua
duyét xong (do r ‘12‘1 tién boi cua u), dinh s cling da duyét dén (s dugc tham t,ru('yc vdosla
chot cua thanh ph?}n lién thong mglnh chtra v, v dugc tham trude r theo gia thiet, r dugc thé}n
trudc u vi r 1a chot ctua thanh phan lién théng manh chira u) nhung chua duyét xong (vi néu
s dugc duyét xong thi thudt toan da loai bo tat ca cac dinh thudc thanh phan lién thong manh
chot s trong do6 ¢6 dinh v ra khoi do thi nén cung (u, v) s& khong duge tinh dén nira), diéu
ndy chi ra rang khi DFSVisit(u) dugc goi, hai thu tuc DFSVisit(r) va DFSVisit(s) déu da
duoc goi nhung chua thoat, tirc 1a ching nim trén mot day chuyen d€ quy, hay r va s c6
quan hé tién bbi—hdu dué. Vi s duoc thim trude r nén s s& 1a tién bdi cia r, ta c6 chu trinh
ST SUDVSS nénrvas thu(_)c’cung mdt thanh phin lién thong manh, thanh phin nay
da co6 chot s roi nén r khong thé 1a chot nira.
Tur Dinh li 5-12, viéc s& kiém tra dinh 7 ¢6 1a chdt hay khong co thé thay bang
viéc kiém tra xem c¢é ton tai cung néi tir mot dinh thuéc nhénh DFS g(fc T toi mot
dinh tham trudc r hay khong?.
Dudi day 1a mot cach cai dat hét strc thong minh, ndi dung cia no6 la danh sb thir
tu céc dinh theo thi tu duyét dén. Dinh nghia Number[u] 1a s6 tht ty cua dinh u
theo cach danh sé d6. Ta tinh thém Low[u] 1a gia tri Number[.] nho nhat trong
cac dinh co thé dén duge tir mot dinh v nao dé cua nhanh DFS géc u br?mg mot
cung. Cu thé cach tinh Low[u] nhu sau:
Trong thi tuc DFSVisit(u), trudc hét ta danh sd thr tw tham cho dinh u:
Number[u] va khoi tao Low[u] == 4o0. Sau d6 xét cac dinh v ndi tir u, c6 hai
kha nang:
Néu v di tham thi ta cuc tiéu hod Low[u] theo cong thuc:
Low|[u]si = min(Low[u].;, Number[v])
Néu v chwa tham thi ta goi ¢ quy DFSVisit(v), sau d6 cuc tiéu hoa Low[u] theo
cong thuc:
Low[u]si = min(Low[u].;, Low[v])
Khi duyét xong mét dinh u (chuan bij thoat khoi tha tuc DFSVisit(u)), ta so sanh
Low[u] va Number[u], néu nhu Low[u] = Number[u] thi u 1a chdt, béi khong
cO cung ndi tir mot dinh thudc nhanh DFS géc u t61 mot dinh tham trude u. Khi
d6 chi viéc liét ké cac dinh thudc thanh phan lién thong manh chira u chinh 13
nhanh DFS gbc u.
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bpé cong viéc dé dang hon nira, ta dinh nghia mot danh sach Stack duoc td churc
duéi dang ngin xép va dung ngan xép nay dé 1y ra cac dinh thudc mot nhanh nao
d6. Khi duyét dén mot dinh u, ta ddy ngay dinh u d6 vao ngan xép, thi khi duyét
xong dinh u, moi dinh thuéc nhanh DFS gbc u s& duoc ddy vao ngan xép Stack
ngay sau u. Néu u 1a chdt, ta chi viéc liy cac dinh ra khoi ngan xép Stack cho t6i
khi 13y t6i dinh u 1a s& dugc nhanh DFS gbc u cling chinh 13 thanh phan lién
thong manh chira u.

M6 hinh

Duéi day 1a mé hinh cai dit day du cta thuat toan Tarjan

procedure DFSVisit (u€v);

begin
Count := Count + 1;
Number[u] := Count; //Ddnh sé u theo thir tw duyét dén
Low[u] := +e;

Push (u) ; //Pdy uvao ngdn xép
for VVEV: (u, v)€EE do
if Number[v] > 0 then //vdatham
Low[u] := min(Low[u], Number[v])
else //vchwatham
begin
DFSVisit (v); //Dithamv
Low[u] := min(Low[u], Lowl[Vv]);
end;
//Pén day u dwoc duyét xong
if Low[u] = Number[u] then //Néu u lachét
begin
«Théng bdo thanh phdn 1lién théng manh véi chdét u gdm coéd
cac dinh:»;
repeat
v := Pop; //Lay tirngin xép ra métdinhv
Output <« v;

«Xod dinh v khoéi dd thi: V := V - {v}»;
until v = u;
end;

end;
begin

Count := 0;

Stack := @; //Khéitao métngin xép réng

for VveEV do Number[v] := 0; //Number[v]=0 < v chwa tham
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for VVEV do
if Number([v] = 0 then DFSVisit (v);
end.

Boi thuat toan Tarjan chi 14 sira d6i cua thudt toan DFS, cac phép vao/ra ngin xép
duoc thyc hién khong qua n lan. Vay nén thoi gian thyc hién gidi thuat van la
O(|V| + |E]) trong trudng hop dd thi dugc biéu dién bang danh sach ké hodc danh
sach lién thuoc, 12 ©(|V|?) néu dung ma tran ké va 1a ©(|V||E]) néu dung danh
sach canh.
Cai diit
Chuong trinh cai dat dudi day biéu dién dd thi bai danh sach lién thudc kiéu
forward star: Mdi dinh u s& dugc cho twong tmg véi mot danh sach cac cung di ra
khéi u, nhu vy mdi cung sé& xuét hién trong ding mot danh sach lién thude. Néu
cac cung dugc luu trir trong mang e[1 ... m], danh sach lién thudc dugc xay dung
bang hai méang,
e head[u] 1a chi s6 cung dau tién trong danh sach lién thudc cua dinh u. Néu
danh sach lién thudc dinh u 1a @, head[u] dugc gan bang 0.

e link[i] 1a chi s6 cung ké tiép cung e[i] trong danh sach lién thudc chira cung
e[i]. Truong hop e[i] 14 cung cudi cung ciia mot danh sach lién thudc, link[i]
dugc gan bang 0

TARJAN.PAS v Thuat toan Tarjan

o

{SMODE OBRJFPC}
{$M 4000000}
program StronglyConnectedComponents;

const
maxN = 100000;
maxM = 1000000;
type

TStack = record
Items: array[l..maxN] of Integer;
Top: Integer;

end;

TEdge = record //Cau tric cung
x, y: Integer; //Haidinh ddu mut

end;

var
e: array[l..maxM] of TEdge; //Danh sdchcanh

link: array([l..maxM] of Integer; /link[i: chi sé cung tiép theo e[i] trong
danh sdch lién thubc
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head: array[l..maxN] of Integer; //head[u]: chisé cung dau tién trong
danh séch lién thudc cac cung di ra khdi u

avail: array[l..maxN] of Boolean;
Number, Low: array[l..maxN] of Integer;
Stack: TStack;
n, Count, SCC: Integer;
procedure Enter; //Nhép dirliéu
var
i, u, v, m: Integer;
begin
ReadLn(n, m);
for 1 := 1 to m do //Poc danh sach canh
with e[i] do Readln(x, V);
FillC@ar(head[l], n * SizeOf (head[1]), 0); //Khditao cdcdanh sdch
lién thudc rong
for i := m downto 1 do //Xdydwng cac danh sach lién thudc
with e[i] do

begin
link[i] := head[x]; //Mdcnbiefi] = (x, y) vao danh séch lién thudc
nhirng cung di ra khdi x
head[x] := 1i;
end;

end;
procedure Init; //Khéi tao
begin

FillChar (Number, n * SizeOf (Number[1]), 0); //Moidinh déu chwa
tham

FillChar (avail, n * SizeOf (avail[l]), True); //Chwa dinh nao bj
loai

Stack.Top := 0; //Ngdnxép réng
Count := 0; //Bién dém sé thir t duyét dén, diing dé danh sé
SCC := 0; //Bién danh s cac thanh phan lién thong

end;

procedure Push(v: Integer); //Pay métdinh v vao ngdn xép

begin
with Stack do
begin
Inc (Top); Items[Top] := v;
end;
end;

function Pop: Integer; //LAy métdinh v khéi ngdn xép, tré vé trong két qua
ham
begin




with Stack do
begin
Result := Items[Top]; Dec (Top) ;
end;
end;
//Ham cure tiéu hod: Target := Min(Target, Value)
procedure Minimize (var Target: Integer; Value: Integer);
begin
if Value < Target then Target := Value;
end;
procedure DFSVisit (u: Integer); //Thudt toan tim kiém theo chiéu sau bat
dau teru
var
i, v: Integer;
begin
Inc (Count); Number[u] := Count; //Trwéc hét danh sé cho u
Low[u] := maxN + 1; //khGitao Low[u]:=+ rdisau curc tiéu hod dan
Push (u) ; //Pay uvao ngan xép
i := head[ul; //Duyétttr ddu danh sach lién thudc cac cung di ra khdi u
while i <> 0 do
begin
v = el[i].y; //Xétnhing dinh v néitiru
if avail([v] then //Néu v chwa biloai
if Number[v] <> 0 then //Néu v dthdm
Minimize (Low[u], Number[v]) AkwcﬁéuhoéLowﬂUtheocéngthwcnéy
else //Néu v chwa thdm

begin
DFSVisit (v); //Tiép tuc tim kiém theo chiéu séu bat déu tir v
Minimize (Low[u], Low([v]); //Réicuc tiéu hod Lowlu] theo céng thirc nay
end;
i := link[1]; //Chuyén sang xét cung tiép theo trong danh sach lién thuéc

end;
//Dén day thi dinh u duoc duyét xong, tirc 1a céc dinh thude nhanh DFS géc u déu da
tham
if Low[u] >= Number[u] then //Néu ula chét
begin //Liét ké thanh phén lién théng manh cé chét u

Inc (SCC);
WriteLn ('Strongly Connected Component ', SCC, ': '");
repeat

v := Pop; //Lay dén cac dinh ra khdi ngan xép

Write(v, ', '); //Liétké cac dinh do

avail([v] := False; //Réiloailuén khéidd thj
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until v = u; //Cho t6ikhildy téi dinh u
Writeln;
end;
end;
procedure Tarjan; //Thuédttoan Tarjan
var
v: Integer;
begin
for v := 1 to n do
if avail[v] then DFSVisit (v);
end;
begin
Enter;
Init;
Tarjan;
end.

d) Thudt toan Kosaraju-Sharir

Mo hinh

C6 mot thuat toan khac dé 1iét ké cac thanh phén lién thong manh 1a thuat toan
Kosaraju-Sharir (1981). Thuat todn nay thuc hi¢n qua hai budc:

Buéce 1: Dung thuat toan tim kiém theo chiéu sdu véi tha tuc DFSVisit,
nhung thém vao mdt thao tdc nho: danh s6 lai cac dinh theo thir tu duyét
xong.
Buée 2: Pao chiéu cac cung cua dd thi, xét 1an luot cac dinh theo thir tu tur
dinh duy¢t xong sau cung tdi dinh duyét xong dau tién, vdi mdi dinh do, ta lai
dung thuat toan tim kiém trén d6 thi (BFS hay DFS) liét ké nhiing dinh nao
dén duoc tir dinh dang xét, d6 chinh 1a mgt thanh phén lién thong manh. Liét
ké xong thanh phan nao, ta loai ngay cac dinh ctia thanh phan d6 khoi db thi.

Pinh li 5-13

thong manh khong co cung di vao.
Chdeng minh

D& thiy réng dinh r duyét xong sau cung phai la gbc cua mot cdy DFS nén r sé 1a chdt cua

mot thanh phén lién thong manh, ki hiéu C (7).

Goi s 1a chdt ciia mot thanh phan lién thong manh C(s) khac. Ta ching minh ring khong
thé ton tai cung di tir C(s) sang C(r), gia sir phan ching rang c6 cung (u,v) trong d6
u € C(s) va v € C(r). Khi d6 ton tai mot dudng di Py:s ~ u trong ndi bd C(s) va ton tai

Véi r la dinh duyét xong sau cing thi v la chét ciia mot thanh phan lién



mot duong di Py: v ~ r ndi bd C(r). Do tinh chit cua chdt, s duge thim trude moi dinh
khac trén duong P; va r dugc tham trudc moi dinh khac trén dudng P,. Nbi duong di
Pi:s ~u v6i cung (u,v) va ndi tiép véi duong di P,:v ~ r ta dugc mot duong di
P:s ~r (Hinh 5-21)

C(s)

Hinh 5-21
C6 hai kha nang xay ra:
® Néu s dugc thim trudc r thi vao thoi diém s duge tham, moi dinh khac trén dudng di P
chua tham. Theo Pinh 1i 5-8 (diqh li duong di trang), s s€ 1a tién boi cia r va phdi dugc
du’yét xong sau r. Trai voi gid thiet r 1a dinh fiuyét xong sau cfm’g. )
® Néu s dugc tham sau r, nghia 1a vao thoi diém r dugc duyét dén thi s chua duyét dén, lai
do r dugc duyét xong sau cung nén vao thoi diém r duyét xong thi s da duyét xong. Theo
Pinh 1i 5-13, s sé 1a hau Eiué cuar. Vay tu s co du(‘rn% di téi r va nguoc lai, nghialar va s
thudc cung mot thanh phan lién thong manh. Mau thuan.
Pinh li dugc chitng minh.
Dinh 1i 5-13 chi ra tinh dung dan cia thudt toan Kosaraju-Sharir: Dinh r duyét
xong sau cung chic chan 1a chdt cia mot thanh phan lién thong manh va thanh
phan lién théng manh nay gébm moi dinh dén dugc r. Viée liét ké cac dinh thudc
thanh phan lién théng manh chdt r duoc thuc hién trong thuit toan thong qua thao
tac dao chiéu céc cung cua dd thi roi liét ké céac dinh dén duoe tir 7.
Loai bo thanh phan lién thong manh véi chdt r khoi dd thi. Cay DFS gbc r lai
phan rd thanh nhiéu cdy con. Lap luan tuong ty nhu trén véi dinh duyét xong sau
cung (Hinh 5-22)

Vi du:
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Hinh 5-22. Pdnh sé6 lai, dio chiéu cic cung va thuwe hién thudt todn tim kiém trén do thi véi
cdch chon cdc dinh xuat phat ngwoc lai voi thir tw duyét xong (thir tw 11, 10... 3, 2, 1)

Cai dat

Trong viéc 1ap trinh thuat todn Kosaraju—Sharir, viéc danh s6 lai cac dinh duoc
thuc hién béng danh sach: Tai budc duyét dd thi 1an 1, mdi khi duyét xong mot
dinh thi dinh d6 duoc dua vao cudi danh sach. Sau khi déo chiéu cac cung cua dd
thi, ching ta chi can duyét tir cudi danh sach s& duoc cac dinh dung thir tw nguoc
v6i thir ty duyét xong (co ché twong tu nhu ngin xép)

Dé liét ké cac thanh phan lién thong manh ciia don d6 thi c6 huéng bang thuat
toan Tarjan cling nhu thudt todn Kosaraju-Sharir, cach biéu din dd thi tot nhat 1a
st dung danh sach ké hodc danh sach lién thudc. Tuy nhién véi thuat toan
Kosaraju-Sharir, viéc cai dat bﬁng dach sach lién thudc 1a hop 1i hon bdi n6 cho
phép chuyén tir cach biéu dién forward star sang cach biéu dién reverse star mot
cach dé dang bang cach chinh lai mang link va head. Cau truc forward star dugc
st dung ¢ pha danh s6 lai cac dinh, con ciu tric reverse star duoc st dung khi li¢t
ké cac thanh phﬁn lién thong manh (boi can thuc hién trén d6 thi dao chiéu)

KOSARAJUSHARIR.PAS v' Thuat toan Kosaraju—Sharir

{SMODE OBJFPC}
{$M 4000000}
program StronglyConnectedComponents;

const
maxN = 100000;
maxM = 1000000;
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type
TEdge = record //C4u tric cung
x, y: Integer; //Haidinh ddu mut
end;
var
e: array[l..maxM] of TEdge; //Danh sdchcanh

link: array([l..maxM] of Integer; //link[i]: Chi sé cung ké tiép eli] trong
danh sach lién thudc

head: array[l..maxN] of Integer; //head[u]: Chisb cung déu tién trong
danh sach lién thuéc

avail: array[l..maxN] of Boolean;
List: arrayl[l..maxN] of Integer;
Top: Integer;
n, m, v, SCC: Integer;
procedure Enter; //Nhap diliéu
var
i, u, v: Integer;
begin
ReadLn (n, m);
for i := 1 to m do
with e[i] do
Readln (x, V)7
end;
procedure Numbering; //Liétké cac dinh theo thir tw duyét xong vao danh sdch List
var
i, u: Integer;
procedure DFSVisit (u: Integer); //Thuédttoan DFS tiru
var
i, v: Integer;
begin
avail[u] := False;
i := headl[u];
while i <> 0 do //Xétcdc cung e[i] dira khdiu
begin
v = el[il.y;
if avail[v] then DFSVisit (v);
i := link[1i];
end;
Inc(Top); List[Topl] := u; //uduyétxong, dwa uvao cudi danh séch List
end;
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begin
//Xdy dung danh séch lién thuéc dang forward star: Méi dinh u twong tng véi danh séch
cac cung di ra khéi u
FillChar (head[l1], n * SizeOf (head[1]), 0);
for i := m downto 1 do
with e[i] do

begin
link[i] := head[x];
head[x] := 1i;
end;
FillChar (avail[l], n * SizeOf(avail[l]), True);
Top := 0; //Khditao danh séch List réng
for u := 1 to n do

if avail[u] then DFSVisit (u);
end;
procedure KosarajuSharir;
var
i, u: Integer;
procedure Enum(u: Integer); //Thudttodn DFS tir utrén dd thi do chiéu
var
i, v: Integer;

begin
avail[u] := False;
Write(u, ', ");
i := headl[u];
while i <> 0 do //Xétcdc cung eli] divaou
begin
v o= e[il].x;
if avail[v] then Enum(v);
i := link[1i];
end;
end;
begin

//Xdy dung danh séch lién thudc dang reverse star: méi dinh u twong (ing véi danh séch
cac cung di vao u
FillChar (head[l], n * SizeOf (head[1l]), 0);
for i := m downto 1 do
with e[i] do

begin
link[i] := headly];
head[y] := 1i;

end;
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FillChar (avail[l], n * SizeOf(avail[l]), True);
SCC := 03
for u := n downto 1 do
if avail[List[ul]] then //Liét ké thanh phén lién théng chét Listu]
begin
Inc (SCC) ;
Writeln ('Strongly Connected Component ', SCC, ': '");
Enum (List[u]);
Writeln;
end;
end;
begin
Enter;
Numbering;
KosarajuSharir;
end.

Thoi gian thyc hién giai thuat co thé tinh bang hai lugt DFS, vay nén thoi gian
thue hién giai thuat s& 1a O(|V| + |E]) trong truong hop d6 thi dugc biéu dién
bang danh sach ké hodc danh sach lién thudc, 12 ©(|V|?) néu dung ma tran ké va
12 ©(|V||E|) néu dung danh sach canh.

4.5. Sap xép to po

{8,9,10,11}

Hinh 5-23. Do thi ¢6 hwéng va dé thi cdc thanh phan lién théng manh
Xét @ thi co huéng G = (V,E), ta xdy dung dd thi c6 huéng G5 =
(VS€C, ESCC) nhy sau: Mbi dinh thude VS¢C tyong tmg voi mot thanh phan lién
thong manh ctua G. Mot cung (r,s) € ESC¢ néu va chi néu ton tai mot cung
(u,v) EE trén G trongdd6u E ;v € s.
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D6 thi GSC€ goi 1a @0 thi cac thanh phan lién thong manh

Do thi G5¢¢ 1a db thi co hudng khong 6 chu trinh (directed acyclic graph-DAG)
vi néu G5¢ ¢6 chu trinh, ta c6 thé hop tat ca cac thanh phan lién thong manh
tuong (mg voi cac dinh doc trén chu trinh dé dwoc mét thanh phan lién théng
manh 16n trén dd thi G, mau thuin véi tinh toi dai cua mot thanh phén lién thong
manbh.

Trong thuat toan Tarjan, khi mdt thanh phén lién thong manh dugc 1iét ké, thanh
phan dé s& tuong tmg v6i mot dinh khéng c6 cung di ra trén G5¢C. Con trong
thuat toan Kosaraju—Sharir, khi mot thanh phén lién thong manh dugc lig¢t k&,
thanh phan d6 s& twong tmg voi mot dinh khong ¢ cung di vao trén GS¢¢. Ca hai
thuat toan déu loai bo thanh phan lién thong manh mdi khi liét ké xong, tic 1a loai
bo dinh twong tng trén G5¢C.

Néu ta danh s6 cac dinh ctua G5¢C tir 1 tro di theo thir tw cic thanh phan lién thong
manh duogc liét ké thi thuat toan Kosaraju—Sharir s€ cho ta mot cach danh sb goi la
sdp xép 6 pé (topological sorting) trén GSCC: Cac cung trén GSCC khi d6 s& chi
ndi tir dinh mang chi s6 nho téi dinh mang chi s6 16n. Néu danh sé cac dinh cua
G5CC theo thuat toan Tarjan thi nguoc lai, cac cung trén GS°C khi d6 s& chi ndi tir
dinh mang chi s6 16n t¢i dinh mang chi s6 nho.

Bai tap

5.14. Chimg minh rang d thi c6 huéng G = (V, E) 1a khong c6 chu trinh néu va
chi néu qua trinh thyc hi¢n thuat toan tim kiém theo chiéu sau trén G khong
cO cung nguoc.

5.15. Cho db thi c¢6 huéng khong c6 chu trinh G = (V, E) va hai dinh s, t. Hiy
tim thuat toan dém sd duong di tir s t6i t (chi can dém sb lwong, khong can
li¢t ké cac duong).

5.16. Trén mat phing v6i hé toa do Decattes vudng goc cho n dudng tron, mdi
dudng tron xac dinh boi bo 3 sb thue (x,y,r) & ddy (x,y) 1a toa do tim va
r 13 ban kinh. Hai duong tron goi 1a thong nhau néu chung c6 diém chung.
Hay chia cac dudng tron thanh mét s téi thiéu cac nhom sao cho hai duong
tron bat ki trong mot nhoém bat ki c6 thé di duogc sang nhau sau mat sb hiru
han cac budc di chuyén giita hai dudng tron thong nhau.

5.17. Cho mot ludi 6 vudng kich thuéc m X n gdm cac sé nhi phan € {0,1}
(m,n < 1000). Ta dinh nghia mot hinh 13 mot mién lién thong cac 6 ké
canh mang s6 1. Hai hinh dugc goi 1a giéng nhau néu hai mién lién thong
tuong tmg ¢ thé dat chong khit 1én nhau qua mot phép doi hinh. Hay phan
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loai cac hinh trong ludi ra thanh mot sé cac nhoém thoa mén: MSi nhoém gdm
cac hinh gidng nhau va hai hinh bat ki thudc thudc hai nhom khac nhau thi
khong giéng nhau:

R O | O (O | O i

1
1
1
1
1
0]
1
1
1

5.18. Cho d6 thi c6 hudéng G = (V, E), hiy tim thuat toan va viét chuong trinh dé
chon ra mdt tap it nhét cac dinh S € V dé moi dinh cta V déu co thé dén
duoc tir it nhat mot dinh cua S bﬁng mot duong di trén G.

5.19. Mot db thi ¢6 huéng G = (V, E) goi 14 nira lién théng (semi-connected) néu
v61 moi cap dinh u, v € V thi hoac u c6 duong di dén v, hodc v cb duong di
dén u.

a) Chimg minh rang d6 thi ¢6 huéng G = (V,E) 1 nira lién théng néu va
chi néu trén G ton tai dudng di qua tit ca cac dinh (khong nhat thiét phai 1a
duong di don)

b) Tim thuat toan va viét chuong trinh kiém tra tinh nira lién thong cua
do thi.

5. Vai irng dung cua DFS va BFS

5.1. Xay dung cdy khung ciia do thi

Cay 1a d0 thi vo6 hudng, lién thong, khong c6 chu trinh don. D6 thi vé hudng
khéng c6 chu trinh don goi 1a rimg (hop ctia nhidu ciy). Nhu vy mdi thanh phan
lién thong cua rirng 1a mot cay.

Xét dd thi G = (V,E) va T = (V,E;) 1a mot d6 thi con cua d6 thi G (E; S E),
néu T 13 mot cay thi ta goi T 14 cdy khung hay cdy bao trim (spanning tree) cla
dd thi G. Piéu kién can va da dé mot do6 thi v huéng co cdy khung 1a dd thi do
phai lién thong.

D@ thdy rang voi mot dd thi vo hudng lién thong co thé co nhiéu cdy khung
(Hinh 5-24).
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Hinh 5-24: Dé thi va mét sé vi du cdy khung
Dinh li 5-14 (Daisy Chain Theorem)
Gia sit T = (V,E) la dé thi vé huwdng véi n dinh. Khi @6 cdc ménh dé sau
la twong dwong:
1. T la cay
2. T khong chira chu trinh don va co n — 1 canh
3.T lién théng va moi canh ciia né déu la cau
4.Giita hai dinh bdt ki ciia T déu ton tai diing mot dwong di don
5.T khong chira chu trinh don nhung hé cir thém vao mét canh ta thu dioc
mot chu trinh don.

6. T lién thong va co n — 1 canh

Chirng minh:

1=2:

Tu T 1a cay, theo dinh nghia T khong chtra chu trinh don. Ta s€ ching minh cay T
¢6 n dinh thi phai ¢6 n — 1 canh bang quy nap theo sé dinh n. R rang khin = 1
thi cdy co 1 dinh s& chira 0 canh. Néu n = 1, goi P = (vy, vy, ..., V%) 1a duong di
dai nhat (qua nhiéu canh nhét) trong T. Pinh v; khong thé k& v6i dinh nao trong
sb cac dinh vs, vy, ..., g, béi néu c6 canh (vy,v,) (3 <p < k), ta s& thiét lap
duoc chu trinh don (vy, vy, ..., vy, v1). Mit khdc, dinh v, cling khong thé ké véi
dinh nao khac ngoai cac dinh trén duong di P trén boi néu c6 canh (vy, v;) € E,
vy & P thi ta thiét 1ap duoc duong di (vy, V1, Vy, ..., Vi) dai hon P. Vay dinh v,
chi c6 dung mot canh ndi véi v,, n6i cach khac, v, 1a dinh treo. Loai bé v; va
canh (v;,v,) khoi T, ta dugc dd thi méi ciing 1a cdy va c6 n — 1 dinh, ciy nay
theo gia thiét quy nap c6 n — 2 canh. Vay cay T ¢c6 n — 1 canh.



2=3:

Gia sir T ¢ k thanh phan lién thong T, Ty, ..., Ty. Vi T khong chira chu trinh don
nén cac thanh phan lién thong cta T ciing khong chira chu trinh don, tirc 1a cac
Ty, Ty, ..., Ty déu 12 ciy. Goi ny,n,, ..., ny, 1an luot 1a sb dinh coa Ty, Ty, ..., Ty thi
cay T; co ny — 1 canh, cay T, c6 n, — 1 canh..., cay Ty c6 n; — 1 canh. Cong lai
ta ¢6 sd canh cia T 1a n — k canh. Theo gia thiét, cay T c6 n — 1 canh, suy ra
k = 1, @6 thi chi c6 mdt thanh phan lién thong 1a db thi lién thong.

Bay gio khi T da lién thong, két hop voi gia thiét T khong c6 chu trinh nén néu bo
di mot canh bat ki thi 6 thi méi van khong chira chu trinh. D6 thi méi nay khong
thé lién thong vi néu khong no sé& phai 1a mot cdy va theo chimg minh trén, db thi
méi s& co n — 1 canh, tirc 1a T c6 n canh. Mau thuan nay ching t6 tat ca cac canh
cua T déu la cau.

3=>4:

Goi x va y 1a 2 dinh bat ki trong T, vi T lién théng nén s& c6 mot duong di don tir
x to1 y. Néu ton tai mot duong di don khac tir x téi y thi néu ta bé di mot canh
(u, v) nam trén dudng di thi nhat nhung khong nam trén duong di thir hai thi tir u
van ¢6 thé dén duoc v béng cach: di tir u di theo chiéu tGi x theo cac canh thudc
duong tht nhit, sau d6 di tir x toi y theo dudng thir hai, roi lai di tir y t6i v theo
cac canh thudc duong di thir nhat. Diéu nay chi ra viéc bo di canh (u, v) khong
anh huong t6i viée ¢ thé di lai dugc giita hai dinh bat ki. Méau thufn véi gia thiét
(u, v) 1a cau.

4=5:

Thir nhét T khong chira chu trinh don vi néu T chira chu trinh don thi chu trinh d6
qua it nhat hai dinh (u, v). R3 rang doc theo cic canh trén chu trinh d6 thi tir u co
hai duong di don té1 v. Vo 1i.

Giira hai dinh (u, v) bat ki ciia T c¢6 mot duong di don nbi u véi v, vay khi thém
canh (u, v) vao duong di nay thi s€ tao thanh chu trinh.

5=6:

Goi u va v 1a hai dinh bét ki trong T, thém vao T mot canh (u, v) nita thi theo gia
thiét s& tao thanh mot chu trinh chira canh (u, v). Loai bo canh nay di thi phan con
lai ctia chu trinh s€ 1a mot duong di tir u té1 v. Moi cdp dinh cua T déu c6 mot
duong di ndi ching tic 1a T lién thong, theo gia thiét T khong chira chu trinh don
nén T 1a cdy va c6 n — 1 canh.

6=1:



Gid su T khong 1a cay thi T c6 chu trinh, huy bo mot canh trén chu trinh nay thi T
van lién thong, néu dd thi méi nhan dugc van co chu trinh thi lai huy mdt canh
trong chu trinh méi. Co nhu thé cho t6i khi ta nhan duge mot do thi lién thong
khong c6 chu trinh. D6 thi nay 1a ciy nhung lai ¢6 < n — 1 canh (v6 li). Vay T 1a
cay.
Pinh li 5-15

S6 cdy khung ciia do thi day di K, la n™ 2.
Ta sé khdo sdt hai thudt todn tim cdy khung trén do thi vé huéng lién
thong G = (V,E).

a) Xdy dung cdy khung b&ng thudt todn hgp nhit

Trude hét, dat T = (V, ®); T khong chira canh nao thi c6 thé coi T gém |V| cay
101 rac, moi cay chi c6 1 dinh. Sau d6 xét 14n luot cac canh cua G, néu canh dang
xét ndi hai cay khac nhau trong T thi thém canh d6 vao T, dong thoi hop nhét hai
cdy d6 lai thanh mot cay. Cir 1am nhu vay cho t6i khi két nap du |[V| — 1 canh vao
T thi ta duoc T 1a cdy khung ctia d6 thi. Trong viéc x4y dung cdy khung bang
thuat toan hop nhat, mot cau trac dit liéu biéu dién cac tap roi nhau thuong duoc
stt dung dé tang toc phép hop nhat hai ciy ciing nhu phép kiém tra hai dinh c6
thudc hai cay khac nhau khong.

b) Xay dung cdy khung bang cdc thudt todn tim kiém trén do thi.

Cay DFS

Hinh 5-25: Cay khung DFS va cdy khung BFS trén cung mgt d6 thi (miii tén chi chiéu di tham
cdac dinh)

Ap dung thuat toan BFS hay DFS bét dAu tir dinh s nao do, tai mdi bude tir dinh u
tGi tham dinh v, ta thém vao thao tac ghi nhan luén canh (u, v) vao ciy khung. Do
d6 thi lién thong nén thuat toan s& xudt phat tir s va toi thim tat ca cac dinh con
lai, mdi dinh dung mot 1an, tirc 14 qua trinh duyét s& ghi nhan dwoc dung |V| — 1
canh. Tét ca nhitng canh d6 khong tao thanh chu trinh don béi thuat toan khong
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tham lai nhitng dinh d3 thim. Theo ménh d& tuwong dwong thir hai, ta c6 nhimg
canh ghi nhan dugc tao thanh mdt cay khung cia dd thi.

5.2. Tap cac chu trinh co s& ciia dd thi
Xét mot dd thi vo hudng lién thong G = (V,E); goi T = (V, Er) 1a mot ciy khung
cua no6. Céc canh cua cay khung duoc goi 1a cac canh trong, con cac canh khac l1a
cac canh ngoai cay.
Néu thém mot canh ngoai e € E — E; vao cay khung T, thi ta dugc ding mc;)t chu
trinh don trong T, ki hi¢u chu trinh nay 1a C,. Chu trinh C, chi chira duy nhat mdt
canh ngoai cdy con cac canh con lai déu la canh trong cay T
Tap céc chu trinh:

Y ={C.le e E—-Er}
duoc goi la tap cac chu trinh co sé cua dd thi G.
Céc tinh chét quan trong ctia tap cac chu trinh co so:

e Tap cac chu trinh co s& 1a phu thude vao cay khung, hai cdy khung khac nhau
¢6 thé cho hai tip chu trinh co s& khac nhau.

e Cay khung cua db thi lién thong G = (V,E) luén chira [V| — 1 canh, con lai
|E| — |V| + 1 canh ngoai. Tuong tmg v&i mdi canh ngoai ¢ mot chu trinh co
s0, vy s6 chu trinh co so ctia d6 thi lién thong 13 |[E| — |V| + 1.

e Tap cac chu trinh co s& 1a tap nhiéu nhit cac chu trinh thoa man: Mdi chu
trinh c6 dung mdt canh riéng, canh d6 khong nam trong bat cir mot chu trinh
nao khac. Pidu nay c6 thé chimg minh dugc bang cach Iy trong do thi lién
thong mat tap g6m k chu trinh thoa man diéu do thi viéc loai bo canh riéng
ctia mot chu trinh s& khong 1am mét tinh lién thong cta dd thi, déng thoi
khong anh hudng t6i sy ton tai cta cac chu trinh khac. Nhu vay néu loai bo
tat ca cac canh riéng thi dd thi van lién thong va con |E| — k canh. 4 thi lién
thong thi khong thé co6 it hon |V| — 1 canh nén ta co |E| — k = |V| — 1 hay
k<|E|-|V|+1.

e  Moi canh trong mot chu trinh don bat ki déu phai thuéc mot chu trinh co s6.
Boi néu c6 mot canh (u, v) khong thudc mét chu trinh co so nao, thi khi ta bo
canh d6 di d6 thi van lién thong va khong anh huong toi su ton tai cla cac
chu trinh co sé. Lai bo tiép |E| — |V| + 1 canh ngoai ctia cac chu trinh co s&
thi d6 thi van lién théng va con lai [V | — 2 canh. Diéu nay vo li.

D6i v6i d6 thi G = (V, E) ¢o k thanh phan lién thong, ta co thé xét cac thanh phan

lién thong va xét rimg cac cay khung ciia cac thanh phan d6. Khi d6 c6 thé mo



rong khai niém tap cac chu trinh co s& cho dd thi vo hudng téng quat: Mdi khi
thém mot canh khong nam trong cac cay khung vao rimg, ta dwoc dung mot chu
trinh don, tap cac chu trinh don tao thanh bang cach ghép cac canh ngoai nhu vay
goi 1a tap cac chu trinh co so cta d0 thi G. S6 cac chu trinh co so 1a |E| — |V| + k.

5.3. Bai to4n dinh chiéu db thi

Bai toan dt ra 1a cho mot dd thi vo hudng lién thong G = (V, E), hiy thay mdi
canh cua dd thi béng mot cung dinh hudng dé duoc mot dd thi cd hudng lién
thong manh. Néu c6 phuong an dinh chiéu nhu vay thi G duoc goi la dd thi dinh
chiéu dugc. Bai toan dinh chiéu db thi ¢6 tmg dung rd nhét trong so db giao thong
duong bd. Chang han nhu tra 16i cau hoi: Trong mot hé thong dwong phd, lidu co
thé quy dinh cac duong phd d6 thanh dudng mot chiéu ma vin dam bao sy di lai
gira hai nut giao thong bat ki hay khong.

C6 thé tong quat hod bai toan dinh chiéu db thi: Vi d6 thi vo hudng G = (V, E)
hdy tim cach thay mdi canh cua dd thi béng mot cung dinh hudng dé duge do thi
moi co it thanh phan lién théng manh nhat. Dudi day ta xét mot tinh chét hiru ich
ctia thuat toan thuét toan tim kiém theo chiéu sdu dé giai quyét bai toan dinh chiéu
do thi

Xét md hinh duyét do thi bang thuat toan tim kiém theo chiéu sdu, tuy nhién trong
qua trinh duyét, mdi khi xét qua canh (u, v) thi ta dinh chiéu luén canh d6 thanh
cung (u,v). Néu coi mot canh cia d6 thi twong duong v6i hai cung c6 hudng
nguoc chidu nhau thi viéc dinh chiéu canh (u, v) thanh cung (u, v) tuwong duong
v6i viée loai bo cung (v,u) cta d6 thi. Ta c6 mot phép dinh chiéu goi 1a phép
dinh chiéu DFS.

Hinh 5-26. Phép dinh chiéu DFS
Thuat toan thyc hién phép dinh chiéu DFS c6 thé viét nhu sau:
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procedure DFSVisit(u € V);
begin
«Théng bao thim u va danh diu u da tham»;
for Vv:(u, v)E€ E do
begin
«Pinh cbiéu canh (u, v) thanh cung (u, v) ¢ x04& cung
(v, u) khoéi ddé thix»;
if «v chua tham» then
DFSVisit (v);
end;
end;
begin
«banh d&u moi dinh déu chua thimy»;
for VVEV do
if «v chua tham» then DFSVisit (v);

end;

Thuat toan DFS s& cho ta mdt rung cac cay DFS va cac cung ngoai cay. Ta c6 céac
tinh chét sau:

Pinh li 5-16

Sau qud trinh duyét DFS va dinh chiéu, do thi sé chi con cung DFS va
cung nguoc.

Chirng minh

Xét mot canh (u, v) bat ki, khong gidm tinh téng quat, gia s rﬁng u dugc duyét dén truge
v. Theo Dinh li 5-8 (dinh Ii dwong di trdng), ta c6 v 1a hau dué cta u. Nhin vao mo
hinh cai dit thudt toan, c6 nhan xét rang viéc dinh chidu canh (u, v) chi ¢é thé duoc thuc
hién trong tha tuc DFSVisit(u) hodc trong thi tuc DFSVisit(v).
Néu canh (u, v) duoc dinh chiéu trudce khi dinh v duoc duyét dén, nghia 1a viéc dinh chifeu
dugc thyc hién trong thu tuc DFSVisit(u), va ngay sau khi canh (u,v) dugce dinh chiéu
thanh cung (u, v) thi dinh v s& dugc tham. Didu d6 chi ra ring cung (u, v) la cung DFS.
Néu canh (u,v) duoc dinh chiéu sau khi dinh v dugc duyét dén, nghia 1a khi thu tuc
DFSVisit(v) dugc goi thi canh (u,v) chua dinh chiéu. Vong 1ap bén trong thu tuc
DFSVisit(v) chic chin s& quét vao canh nay va dinh chiéu thanh cung nguoc (v, u).
Trong dd thi vo hudng ban dau, canh bi dinh hudng thanh cung ngugc chinh la
canh ngoai ctia cdy DFS. Chinh vi vay, moi chu trinh co s& cta cay DFS trong dd
thi vo huéng ban dau van s& 14 chu trinh trong d6 thi c6 hudng tao ra. Dy 1a mot
phuong phép hiéu qua dé liét ké cac chu trinh co sé cua cay khung DFS: Vira
duyét DFS vira dinh chiéu, néu duyét phai cung nguoc (u, v) thi truy vét duong di
ciia DFS dé tim dudng tir v dén u, sau d6 ndi thém cung nguoc (u, v) dé duoc
mot chu trinh co s6.
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Pinh i 5-17
Piéu kién can va di dé mér do thi vo huong lién thong co thé dinh chiéu
dwoc 1a méi canh cia do thi nam trén it nhat mét chu trinh don (hay noi
cach khéc moi canh ciia dé thi déu khéng phdi la cau).

Chirng minh
Goi G = (V,E) 1a mot dd thi vo hudng lién thong.
H:>H

Néu G la dinh chidu dugc thi sau khi dinh hudng s& duge do thi lién thong manh G'. Vé&i
mot canh (u, v) duge dinh chiéu thanh cung (u, v) thi s& ton tai mot duong di don trong G’
theo cac canh dinh huéng tir v vé u. Puong di d6 ndi thém cung (u, v) s& thanh mot chu
trinh don c6 hudng trong G’. Tirc 1a trén d6 thi ban dau, canh (u, v) ndm trén mot chu trinh
don.

"C"

Néu mdi canh cua G déu ndm trén mot chu trinh don, ta s& chiing minh réng: phép dinh
chiéu DFS s& tao ra dd thi G’ lién théng manh.

Lay mot canh (y, v) cla G, vi (u, v) nam trong mot chu trinh don, ma moi canh cua mot

chu trinh don déu phai thuép mdt chu trinh co so ciia cdy DFS, nén s€ c6 mét chu trinh co

s chira canh (u,v). C6 thé nhan thay rang chu trinh co s¢ cua cdy DFS qua phép dinh

chiéu DFS van 1a chu trinh trong G' nén theo cac cung dd dinh hudng cua chu trinh d6 ta

c6 the di tir u t6i v va ngugc lai.

Lay x va y 12 hai dinh bat ki cua G, do G lién thong, ton tai mot duong di

(X = Vo, V1, 00, Vg = V)

Vi (v;, v;41) 1a canh ctia G nén theo chitng minh trén, tir v; c6 thé di dén duoc v;,, trén G,

Viil <i<k,thclatrx van c6 thé di dén y biang cac cung dinh huéng cua G'. Suy ra G’

1a do thi lién thong manh
Véi nhitng két qua dd chtrng minh trén, ta con suy ra dugce: Néu db thi lién théng
va moi canh cia né nam trén it nhat mot chu trinh don thi phép dinh chiéu DFS sé&
cho mot do thi lién thong manh. Con néu khong, thi phép dinh chiéu DFS s& cho
mot do thi dinh hudng co it thanh phan lién thong manh nhat, mot canh khong
nam trén mot chu trinh don nao (cau) cia do thi ban dau s¢ dugc dinh hudng
thanh cung nd6i gitra hai thanh phan lién thong manh.

5.4. Liét ké cac khop va ciu cia do thi

Néu trong qua trinh dinh chiéu ta thém vao d6 thao tac danh sb cac dinh theo thir tu
duyét dén cua thuat toan DFS, goi Number [u] 1a s6 thir tu cta dinh u theo cach
danh sb d6. Pinh nghia thém Low[u] 1a gia tri Number[.] nho nhét cia nhimg
dinh dén duoc tir nhanh DFS gdc u bang mot cung nguoc. Tic 1a néu nhanh DFS
gbc u c6 nhidu cung nguoc hudng 1én phia gdc thi ta ghi nhan lai cung nguoc
hudng 1én cao nhat. Néu nhanh DFS gdc u khong chira cung ngugc thi ta cho
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Low|[u] := +oo. Cach tinh cac gia tri Number|.] va Low].] tuong tu nhu trong
thudt toan Tarjan: Trong thu tuc DFSVisit(w), trudc hét ta danh s thir tu tham cho
dinh u (Number[u]) va khoi tao Low([u] == 400, sau d6 xét tit ca nhimg dinh v ké
u, dinh chiéu canh (u, v) thanh cung (u, v). C6 hai kha ning xay ra:

Néu v chua tham thi ta goi DFSVisit(v) dé tham v, khi thu tuc DFSVisit(v)
thoat c6 nghia 1a di xay dung dwoc nhanh DFS gbc v nim trong nhanh DFS
gbc u, nhitng cung ngugc di tir nhanh DFS gbc v ciing 1 cung nguoc di tir
nhanh DFS gbc u = ta cuc tiéu hoa Low[u] theo cong thirc: Low[u]s =
min(Low[u], Low[v])

Néu v da tham thi (u, v) 13 mot cung nguoc di tir nhanh DFS gbc u = ta cuc
tiéu hoa Low[u] theo cong thirc: Low[u], = min(Low[u].;, Number[v])

Hinh 5-27. Cich danh sé va ghi nhin cung ngwec lén cao nhit
Hay dé y mot cung DFS (u, v) (u 1a nat cha cta nat v trén ciy DFS)

Néu tir nhanh DFS gbc v khong c6 cung ndao nguoc 1én phia trén v c6 nghia
13 tr mot dinh thudc nhanh DFS gbc v di theo cic cung dinh hudng chi di
dugc t6i nhimng dinh ndi bd trong nhanh DFS gbc v ma thoi chir khong thé toi
duogc u, suy ra (u, v) 1la mot cau. Ciing dé dang chimg minh duoc diéu nguoc
lai. Vay (u,v) 1a cdu néu va chi néu Low[v] = Number[v]. Nhu vi dy &
Hinh 5-27, ta c6 (C, F) va (E, H) la cu.

Néu tir nhanh DFS gbc v khong c6 cung nao nguoc 1én phia trén u, tirc 1a néu
b6 u di thi tir v khong c6 cach nao 1én duoc cac tién bdi ctia u. Pidu nay chi
ra rang néu u khong phai 1a nit gbc ctia mot cdy DFS thi u 1a khép. Ciing
khong khé khin dé chimg minh diéu nguoc lai. Vay néu u khong 1a goc ctia
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mot cdy DFS thi u 1a khép néu va chi néu Low[v] > Number[u]. Nhu vi du
¢ Hinh 5-27, ta c6 B, C, E va F 1a khop.
e Gobc cia mot cay DFS thi 1 khp néu va chi néu n6 c6 tir hai 2 nhanh con tré
1én. Nhu vi du ¢ Hinh 5-27, gbc A khong 1a khép vi nd chi ¢6 mot nhanh con.
Dén ddy ta dd c6 du diéu kién dé giai bai toan liét ké cac khép va cau cua dd thi:
don gian 13 dung phép dinh chiéu DFS danh s6 cac dinh theo tht tu thim va ghi
nhén cung nguoc 1én trén cao nhat xuit phat tir mot nhanh cay DFS, sau d6 dung
ba nhén xét ké trén dé 1iét ké ra tat ca cac ciu va khép cua dd thi.
Input
e Dong I: Chtira s6 dinh n < 1000, s6 canh m cta d6 thi vo huoéng G.
e m dong tiép theo, mdi dong chira hai s6 u, v twong tmg v6i mot canh (u, v)

cua G
Output
Céc khép va cau cia G

Bridges:

(1, 2)

(4, 7)

(6, 9)
Articulations:
1

2
3
4
4
5
6
8
7
6
8

V& ki thuat cai dat, ngoai cac mang da dugc noi to1 khi trinh bay thuat toan, cé
thém mot mang Parent[1 ...n], trong d6 Parent|[v] chi ra nat cha cta nat v trén
cay DFS, néu v 1a gdc ctia mot cdy DFS thi Parent[v] dugc dit bang —1. Cong
dung cta mang Parent[1...n] 1a & duyét tit ca cac cung DFS va kiém tra mot
dinh c6 phai 1a gbc cua cay DFS hay khong.

CUTVE.PAS v Liét k& cac khdp va cau cla do thi

{SMODE OBJFPC}
program ArticulationsAndBridges;
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const
maxN = 1000;
var
a: array[l..maxN, 1..maxN] of Boolean;
Number, Low, Parent: array[l..maxN] of Integer;
n, Count: Integer;
procedure Enter; //Nhép dirliéu
var
i, m, u, v: Integer;
begin
FillChar (a, SizeOf (a), False);
ReadLn (n, m);

for i := 1 to m do
begin
ReadLn (u, v);
alu, v] := True;
alv, ul] := True;
end;

end;
//Ham cuc tiéu hod: Target := min(Target, Value)
procedure Minimize (var Target: Integer; Value: Integer);
begin
if Value < Target then Target := Value;
end;
procedure DFSVisit (u: Integer); //Thuéttoan tim kiém theo chiéu siu bat déu
teru
var
v: Integer;

begin
Inc (Count) ;
Number [u] := Count; //Pdnhsbé u theo thir tw duyét dén
Low[u] := maxN + 1; //PbdtLow[u]:=+=
for v := 1 to n do

if a[u, v] then //Xétcdcdinhvkéu
begin
alv, ul := False; //pinh chiéu canh (u, v) thanh cung (u, v)
if Parent[v] = 0 then //Néuv chwathdm
begin
Parent [v] := u; //cung (u,v)lacung DFS
DFSVisit (v); //Pithdmyv
Minimize (Low[u], Low([v]); //Cuc tiéu hod Low[u] theo Low[v]
end
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else

Minimize (Low[u], Number[v]); AQUCﬁéuhoéLowﬂdﬁwo
Number|v]

end;
end;
procedure Solve;
var
u, v: Integer;
begin
Count := 0; //Khditao b dém
FillChar (Parent, SizeOf (Parent), 0); //Cdcdinhdéu chwa thdm
for u := 1 to n do
if Parent[u] = 0 then
begin
Parent[u] := -1;
DFSVisit (u) ;
end;
end;
procedure PrintResult; //Inkétqua
var
u, v: Integer;
nChildren: arrayl[l..maxN] of Integer;
IsArticulation: arrayl[l..maxN] of Boolean;

begin
WriteLn ('Bridges: '); //Liétké cac cdu
for v := 1 to n do
begin
u := Parent|[v];
if (u <> -1) and (Low[v] >= Number([v]) then
WriteLn('(', u, ', ', v, ")'");
end;

WriteLn ('Articulations:'); //Liétké cac khép
FillChar (nChildren, n * SizeOf (Integer), 0);

for v := 1 to n do
begin
u := Parent|[v];
if u <> -1 then Inc(nChildren[u]);
end;
//Bdnh déu céc géc céy cé nhiéu hon 1 nhanh con
for u := 1 to n do
IsArticulation[u] := (Parent[u] = -1) and (nChildren[u]
>= 2);




for v := 1 to n do
begin
u := Parent|[v];
if (u <> -1) and (Parent[u] <> -1) and (Low[v] >=
Number [u]) then
IsArticulation[u] := True; //Pdnhdéu cac khép khéng phai gbc
cay
end;
for u := 1 to n do //Liétké
if IsArticulation[u] then
WritelLn (u) ;
end;
begin
Enter;
Solve;
PrintResult;
end.

Trong bai toan li¢t ké cac khop va cau cua do thi, ta biéu dién do thi bﬁng ma tran
ké dé tién loi cho thao tac dinh chiéu. Néu db thi c6 sé dinh n 16n (khong thé biéu
dién duoc b::ing ma tran k&) va s6 canh m nho (d6 thi thua), chung ta phai tim mot
cau trac dir liéu khac dé biéu dién do6 thi dé chi phi vé bo nhd va thoi gian phu
thudc chi yéu vao m thay vi n? nhu ma tran ké&. Trong cic ciu trac dir liéu biéu
dién d thi phd bién, chi c6 danh sach ké va danh sach lién thudc cho phép thuc
hién diéu nay, tuy nhién viéc thuc hién dinh chiéu canh vo huong thanh cung co
huodng s€ tré nén kha phuc tap.

Error! Reference source not found. yéu cau ban stra ddi thuét toan dé bo di thao
tac dinh chiéu, tir d6 c6 thé biéu dién do thi thua boi danh sach ké ma khong con
gip kho khin trong viée dinh chiéu db thi nira.

5.5. Cac thanh phan song lién thong

a) Cdc khdi niém va thudt todan

D6 thi vo hudng lién théng duoc goi 1a db thi song lién thong néu no khong co
khop, tic 1a viéc bo di mot dinh bat ki ciia d6 thi khong anh hudng t6i tinh lién
thong cua cac dinh con lai. Ta quy u6c rang do thi chi gdm mot dinh va khong co
canh nao ciing 1a mot do thi song lién thong.

Cho db thi v6 huéng G = (V,E), xét mét tip con V' < V. Goi G’ 1a dd thi G han
ché trén V'. Db thi G’ duoc goi 1a mot thanh phan song lién thong cia d6 thi G néu
G' song lién thong va khong ton tai d6 thi con song lién thong nao khac cua G



nhan G’ 1am d6 thi con. Ta ciing dong nhat khai niém G’ 1a thanh phan song lién
thong v6i khai niém V' 13 thanh phan song lién thong.

Can phan biét hai khai niém db thi dinh chiéu duoc (khong ¢ cau) va do thi song
lién thong (khong co khdp). Néu nhu db thi G khong dinh chiéu duoc thi tdp dink
cta G co thé phan hoach thanh cac tap con roi nhau dé dd thi G han ché trén céc
tap con d6 1a cac do thi dinh chiéu dugc. Con néu db thi G khong phai do thi song
lién thong thi tdp canh cia G c6 thé phan hoach thanh cac tip con rdi nhau dé trén
mdi tip con, cac canh va cac dinh dau mut coa chung tré thanh mot dd thi song
lién thong. Hai thanh phan song lién thong c6 thé co chung mot diém khép nhung
khong c6 canh nao chung

Hinh 5-28. Do thi va hai thanh phan song lién thong cé chung khoép
Xét md hinh dinh chidu d6 thi danh sb dinh theo thir ty duyét dén va ghi nhan
cung nguoc lén cao nhat...

procedure DFSVisit (u€v);
begin
Count := Count + 1;
Number [u] := Count; //Dinhsé u theo thir tw duyét dén
Low[u] := +e;
for VVEV: (u, v)€EE do
begin
«binh chiéu canh (u, v) thanh cung (u, v)»;
if Number[v] > 0 then //vddthim
Low[u] := min(Low[u], Number[v])
else //vchwatham
begin
DFSVisit (v); //Pithdmv
Low[u] := min(Low[u], Low([v]); //cwe tiéuhod Low[u]
end;

end;




end;
begin
Count := 0;
for VVvEV do Number[v] := 0; //Number[v]=0¢> vchwathim
for VVvEV do
if Number([v] = 0 then DFSVisit (v);
end.

Trong tha tuc DFSVisit(u), mdi khi xét cac dinh v ké u chua dugc thim, thuét
toan s& goi DFSVisit(v) dé di thim v sau d6 cuc tiéu hoa Low([u] theo Low[v].
Tai thoi diém nay, néu Low[v] = Number[u] thi hodc u 1a khép hodc u 1a gdc
cia mot cay DFS. Pé tién, trong trudng hop nay ta goi cung (u, v) 1a cung chot
ctia thanh phan song lién thong.

Thuét toan tim kiém theo chiéu sau khong chi duyét qua cac dinh ma con duyét va
dinh chiéu cac cung nita. Ta s€ quan tam td&i ca thoi diém mét canh duoc duyét
dén, duyét xong, cting nhu thu tu tién bdi—hau dué cua cac cung DFS: Cung DFS
(u, v) duoc coi 1a tién bdi thuc su cta cung DFS (u’,v") (hay cung (u’,v") 13 hau
dué thuc su cua cung (u, v)) néu cung (u',v") nam trong nhanh DFS géc v. Xét
vé vi tri trén cay, cung (u’, v") ndm dudi cung (u, v).

C6 thé nhan thdy rang néu (u, v) 13 mot cung chdt thoa mén: Khi DFSVisit(u)
goi DFSVisit(v) va qua trinh tim kiém theo chidu sau tiép tuc tir v khong tham
tiép bat cit mot cung chét nao (trc 1a nhanh DFS gbc v khong chira cung chét
nao) thi cung (u,v) hop voi tit ca cic cung hau dué ciia né s& tao thanh mot
nhanh cdy ma moi dinh thudc nhanh ciy d6 1a mot thanh phan song lién thong,
Chinh vi vy thuat toan liét ké cac thanh phan song lién thong c6 tu tuong kha
gidng vé6i thuat toan Tarjan tim thanh phan lién théng manh. Viéc cai dat thuat
toan liét ké cac thanh phan song lién thong chinh 1a su stra d6i dbi ngu cua thuat
toan Tarjan: Thay khai niém “chdt” bang “cung chdt” va thay vi dung ngin xép
chira chét va cac dinh hau dué cua chét dé liét ké cac thanh phan lién thong manh,
chung ta s& ding ngin xép chira cung chét va cac hau dué cua cung chét dé liét ké
cac thanh phan song lién thong.

Van dé ric r6i duy nhat gap phai 1a quy wéc mot dinh co 1ap cua do thi ciing 1a
mot thanh phan song lién thong. Néu thuc hién thuét toan trén, thanh phan song
lién thong chi gdm duy nhat mot dinh s& khong c6 cung chdt ndo ca va nhu vay s&
bi sot khi 1iét ké. Ta s€ phai xtr 1i cac dinh c6 1ap nhu truong hop riéng khi liét ké
cac thanh phan song lién thong ctia d6 thi.

‘procedure DFSVisit (u€v) ;




begin

Count := Count + 1;
Number [u] := Count; //Dinhsé u theo thir tw duyét dén
Low[u] := +e;
for VVEV: (u, v)€EE do
begin

«binh chiéu canh (u, v) thanh cung (u, v)»;
if Number[v] > 0 then //vddthim

Low[u] := min(Low[u], Number[v])
else //vchwatham
begin

Push ((u, v)); //béycung(u,v)viongdnxép
DFSVisit (v); //Pithimv

Low[u] := min(Low[u], Lowl[Vv]); //Cu’ctiéuhodlow[u]
if Low([v] 2 Number[u] then //(u,v)lacungchdt
begin

«Théng bao thanh phdn song lién théng véi cung
chbét (u, v):»;

repeat
(p, q) := Pop; //Lay tinginxépramdtcung (p, q)
Output <« q; //Liétké cdc dinh nén chi can xuat ra mét dau mit
until (p, q) = (u, Vv);
Ooutput < u; //Conthiéu dinh u, liét ké not

end;
end;
end;
end;
begin
Count := 0;

for VVvEV do Number[v] := 0; /Number[v]=0— v chwa thim
Stack := J;
for VVEV do
if Number[v] = 0 then
begin
DFSVisit (v);
if «v la dinh c6 14p» then
«Liét ké& thanh phan song lién théng chi gém moét
dinh v»
end;
end.
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b) Cai dat

V,é ki thuat C%:li dat khong c6 gi modi, c6 mdt chu y nho 1a ching ta chi dung ngan

xEp Stack dé chua cac cung DFS, vi vay Stack khong bao gio phai chua qua

n —1 cung

Input

e Dong I: Chtira s6 dinh n < 1000 va sb canh m ctia mot dd thi vo huong

e m dong tiép theo, mdi dong chira hai sé u, v twong tng v6i mot canh (u, v)
cua do thi.

Output

Céc thanh phan song lién thong cua do thi

o

Biconnected

component: 1

5, 9

Biconnected °
component: 2

9, 8, 4

Biconnected

component: 3 o
7, 6, 3

Biconnected

component: 4

4, 3, 1

Biconnected

component: 5
2

9
1
1
3
3
3
4
4
5
6
8

O J©OWWOWoww-Joyd bdwr

BCC.PAS v Liét ké cac thanh phan song lién théng

{$SMODE OBJFPC}
program BiconnectedComponents;

const
maxN = 1000;
type
TStack = record
X, y: array[l..maxN - 1] of Integer;
Top: Integer;
end;
var

a: array[l..maxN, 1..maxN] of Boolean;

198



Number, Low: array[l..maxN] of Integer;
Stack: TStack;
BCC, PrevCount, Count, n, u: Integer;
procedure Enter; //Nhap diliéu
var
i, m, u, v: Integer;
begin
FillChar (a, SizeOf (a), False);
ReadLn(n, m);

for i := 1 to m do
begin
ReadLn (u, v);
alu, v] := True;
alv, u] := True;
end;

end;
procedure Push(u, v: Integer); //Pay motcung (u, v)vio ngdn xép

begin
with Stack do
begin
Inc (Top) ;
x[Top] := u;
y[Top]l := v;
end;
end;

procedure Pop (var u, v: Integer); //Ldy métcung (u, v) khéi ngén xép
begin
with Stack do
begin

end;
//Ham cuc tiéu hod: Target := min(Target, Value)
procedure Minimize (var Target: Integer; Value: Integer);
begin
if Value < Target then Target := Value;
end;
procedure DFSVisit (u: Integer); //Thudttoan tim kiém theo chiéu siu
var
v, p, g: Integer;

199




begin
Inc (Count) ;

Number [u] := Count;
Low[u] := maxN + 1;
for v := 1 to n do

if alu, v] then //Xétmoicanh (u,v)
begin
alv, ul := False; //binh chiéu luén
if Number([v] <> 0 then //vdédthdim
Minimize (Low[u], Number[v])
else //vchwa tham
begin
Push (u, v); //Pdycung DFS (u, v) vao Stack
DFSVisit (v); //Tiép tuc qué trinh DFS tir v
Minimize (Low[u], Low[Vv]);
if Low[v] >= Number[u] then //Néu (u, v)la cung chbt
begin //Liét ké thanh phan song lién théng véi cung chét (u, v)

Inc (BCC) ;
WriteLn ('Biconnected component: ', BCC);
repeat
Pop (p, q); //Ldy métcung DFS (p, q) khdi Stack
Write(q, ', '); //Chiinramét déu cung, tranh in lap
until (p = u) and (q = v); //Pén khildy ra cung (u, v)
thi deeng
WriteLn (u); //Innbtradinhu
end;
end;
end;
end;
begin
Enter;
FillChar (Number, n * SizeOf (Integer), 0);
Stack.Top := 0;
Count := 0;
BCC := 0;
for u := 1 to n do
if Number[u] = 0 then
begin
PrevCount := Count;

DFSVisit (u) ;
if Count = PrevCount + 1 then //uladinhcé ldp
begin
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Inc (BCC) ;

WriteLn ('Biconnected component: ', BCC);
Writeln (u);
end;
end;
end.
Bai tap

5.20. Hay stra d6i thuat toan liét ké khop va cau cua db thi, sira doi thuat toan liét
ké cac thanh phan song lién théng sao cho khong can phai thuc hién viéc
dinh chiéu db thi nita (Béi vi viéc dinh chiéu mot d thi té ra kha cong kénh
va khong hiéu qua néu dd thi duoc biéu dién bang danh sach ké hay danh
sach canh)

5.21. Tim thuat toan dém sb cdy khung cia do thi (Hai cay khung goi 1a khac
nhau néu chiing c6 it nhat mot canh khac nhau)

6. Do thi Euler va dé6 thj Hamilton
6.1. D6 thj Euler

a) Bai todan

Bai toan vé do thi Euler duogc coi 12 bai toan dau tién caa 1i thuyét d6 thi. Bai toan
nay xuat phat tir mot bai toan ndi tiéng: Bai toan bay cay cau & Konigsberg:

Thanh phd Koénigsberg thuge Duc (nay 1a Kaliningrad thude Cong hoa Nga), dugc
chia 1am 4 ving bang cic nhanh séng Pregel. Cac ving ndy gdm 2 ving bén bo
song (B, C), dao Kneiphof (A) va mot mién nam giira hai nhanh séng Pregel (D).
Vao thé ki XVIII, nguoi ta di xay 7 chiéc cau ndi nhitng ving nay véi nhau.
Nguoi dan ¢ day ty hoi: Li¢u c6 cach nao xuét phat tai mot dia diém trong thanh
phé, di qua 7 chiéc cau, mdi chiéc dung 1 1an rdi quay tré vé noi xuat phat khong
9

Nha toan hoc Thuy si Leonhard Euler d3 giai bai toan nay va co thé coi ddy la tng
dung dau tién cua Li thuyét do thi, ong dd mo hinh hoa so dd 7 cai cdu bang mot
da dd thi, bdn vung duoc biéu dién béng 4 dinh, cac cau 1a cac canh. Bai toan tim
duong qua 7 cdu, mdi ciu ding mot 1an c6 thé tong quat hod bing bai toan: Co
tdn tai chu trinh trong da dd thi di qua tat ca cac canh va mdi canh ding mat lan.
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Hinh 5-29: M6 hinh d6 thi ciia bai todn béy cdi ciu
Chu trinh qua tat ca cac canh caa dd thi, mdi canh ding mot lan duoc goi la chu
trinh Euler (Euler circuit/Euler circle/Euler tour). Puong di qua tit ca cic canh
ciia d6 thi, mdi canh dung mét 1an goi 1a dwong di Euler (Euler path/Euler
trail/Euler walk). Mot d6 thi c6 chu trinh Euler dugc goi 13 do thi Euler (Eulerian
graph/unicursal graph). Mot dd thi ¢o duong di Euler dugc goi la do thi nira
Euler (Semi-Eulerian graph/Traversable graph).

b) Cac dinh li va thudt toan

Dinh 1i 5-18 (Euler)

Mot do thi vé hudng {ién thong G = (V,E) ¢6 chu trinh Euler khi va chi
khi moi dinh cua no déu co bdc chan.

Chdeng minh

Néu G ¢6 chu trinh Euler thi khi di doc chu trinh d6, mdi khi di qua mot dinh thi bac cua
dinh d6 tang 1én 2 (mdt 1dn vao + mot Ian ra). Chu trinh Euler lai di qua tit ca cac canh nén
suy ra moi dinh ctia d6 thi déu c6 bac chin.

Nguoc lai néu G lién thong va moi dinh déu co6 béac chdn, ta s& chi ra thudt toan xay dung
chu trinh Euler trén G.

Xuét phat tir mot dinh bét ki, ta di sang mot dinh tiy ¥ ké no, di qua canh nao xoa luon
canh d6 cho téi khi khong di dwoc nita, 6 thé nhan thiy rang sau mdi budc di, chi co dinh
dau va dinh cubi cua dudng di co bac 1é con moi dinh khac trong dd thi déu c6 bac chén.
Canh cudi cing di qua chic chin 1a di t6i mot dinh bac 1¢, vi néu 1a canh di t6i mot dinh
bac chin thi dinh nay sé co it nhat 2 canh lién thudc, va nhu vay khi di téi dinh nay va xoa
canh vao ta van con mot canh dé ra, qué trinh di chua két thic. Piéu nay chi ra rﬁng canh
cudi cung bat budc phai di vé noi xut phat tirc 1a ching ta c6 mot chu trinh €. Ciing dé
dang nhén thay rang khi qué trinh nay két thic, moi dinh ctia G van c6 bac chan.

Néu G con lai canh lién thudc véi mot dinh v nao dé trén C thi lai bat ddu tir v, ta di mot
cach tuy y theo cc canh con lai ctia G ta s& duge mdt chu trinh €’ bt dau tir v va két thic
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tai v. Thay thé mot budc di qua dinh v trén C bé“mg ca chu trinh €', ta s& dugc mot chu
trinh méi 16n hon. Quy trinh duoc 13p lai cho t6i khi C khong con dinh nao cé canh lién
thuc nam ngoai C. Do tinh lién thong cua G, didu nay c6 nghia la C chira tat ca cac canh
clia G hay C 1a chu trinh Euler trén d0 thi ban dau.

H¢ qua

Mot do thi vé hwéng lién thong G = (V,E) ¢6 dwong di Euler khi va chi

khi no co dung 2 dinh bdc le.

Chirng minh

Néu G c¢6 duong di Euler thi chi ¢6 dinh bét dau va dinh két thuc duong di co bic 1é con
moi dinh khac déu c6 bac chan. Nguoc lai néu dd thi lién thong c6 dung 2 dinh béc 1€ thi ta
thém vao mot canh gia ndi hai dinh béc 1¢ d6 va tim chu trinh Euler. Loai b6 canh gia khoi
chu trinh, chiing ta s€ dugc duong di Euler.

Pinh li 5-19

Mot dé thi ¢6 hudng lién thong yéu G = (V,E) ¢6 chu trinh Euler thi moi
dinh ciia né ¢é ban bdc ra bang ban bdc vao: deg*(v) = deg™(v),Vv €
V; Nguoc lai, néu G lién thong yéu va moi dinh cua noé co ban bdc ra
bang bdn bdc vao, thi G ¢é chu trinh Euler (suy ra G sé la lién thong
manh).

Chirng minh

Tuong tu nhu phép chiing minh Pinh 1i 5.18.
Hé qua
Mot do thi c6 hiedng lién thong yéu G = (V,E) c6 dwong di Euler nhung
khéng c6 chu trinh Euler néu ton tai ding hai dinh s,t € V sao cho:

deg®(s) —deg=(s) = deg (t) —deg*(t) =1

con tt ca nhitng dinh con lai cua do thi déu cé ban béc ra bdng ban bdc
vao.
Viéc chung minh Djnh Ii 5-18 (Euler) cho ta mdt thuat toan hiru hi¢u dé chi ra chu
trinh Euler trén d6 thi Euler. Thuét toan nay hoat dong duva trén mo{t ngin xép
Stack va dugc md ta cu thé nhu sau: Bét dau tir dinh 1, ta di thoai mai theo céc
canh cua dd thi cho t6i khi khong di dwoc nita, di t6i dinh nao ta day dinh d6 vao
ngin xép va di qua canh nao thi ta xoa canh d6 khoi do thi. Khi khong di duoc
nita thi ngin xép s& chtra cac dinh trén mot chu trinh € bat dau va két thuc & dinh
1. Sau d6 chung ta 1iy 1an luot cac dinh ra khoi ngin xép tuong duong véi viée di
nguoc chu trinh €. Néu dinh duoc 14y ra (u) khong c6 canh nao con lai lién thudc
v6i nod thi u s€ dugc ghi ra chu trinh Euler, nguoc lai, néu u van con co canh lién
thudc thi ta lai di tiép tir u theo cach trén va day thém vao ngan xép mot chu trinh
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C' bit dau va két thuc tai u, dé khi ldy cac dinh ra khoi ngin xép sé twong duong
v6i viée di nguoc lai chu trinh C’ roi tiép tuc di nguoc phﬁn con lai cua chu trinh
C trong ngin xé&p...C6 thé hinh dung 1a thuat toan 1an nguoc chu trinh C, khi dén
dinh u thi thay u bang ca mét chu trinh C’...

Khi cai dat thuat toan, ching ta can trang bi ba phép toan trén ngan xép Stack:

e Push(v): Piy mot dinh v vao Stack

e Pop: Lay ra mot dinh khoi Stack

e Get: Poc phan tir ¢ dinh Stack

Stack := (1); //Ngdn xép ban dadu chi chtta mdét dinh bit ki,
chdng han dinh 1

repeat
u := Get; //DPoc phdn tu & dinh ngdn xép
if 3J(u, v) EE then //Tu u con di tiép dugc
begin
Push (v) ;
E :=E - {(u, v)}; //Xo4 canh (u, v) khoi do thi
end;

else //Tu u khéng di ddu dugc nita
begin
u := Pop; //Liy u khdi ngin xép
Output <« u; //Inrau
end;

until Stack = @; //Lap t6ikhi ngin xép rong

¢) Cai dat

Dudi day chung ta s€ cai dat thuat toan tim chu trinh Euler trén da dd thi Euler vo
huéng G = (V,E). Di liéu vao luén dam bao dd thi lién thong, c6 it nhat mot
dinh va moi dinh déu co6 bac chan.

Input

e Dong | chira s6 dinh n < 10° va s6 canh m < 10°

e mdong tiép, moi dong chira sb hiéu hai dau mat caa mot canh.

Output

Chu trinh Euler
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Ngoai céc thao tac ddi v6i ngan xép, thuat toan tim chu trinh Euler con yéu cau

cai dat hai thao tac sau day mdt cach hi¢u qua:

e V&i mdi dinh kiém tra xem c6 ton tai canh lién thudc véi nd hay khong, néu
¢0 thi chi ra mét canh lién thudc.

e Loai bo mot canh khoi do thi

Céc canh cta d6 thi dugc danh s tir 1 téi m, sau d6 mdi canh vo huéng (x,y) sé

dugc thay thé boi hai cung ¢6 hudng nguoc chidu: (x,y) va (v, x). Mdi cung 1a

mot ban ghi gom hai dinh dau mut va chi so6 canh v6 hudng tuong ung.

const

maxM = 1000000;
type

TArc = record

%, y: Integer; //fcung (x,y)
edge: Integer; //chisé canh vé huéng turong tng
end;
var

a: array[l..2 * maxM] of TArc;

Danh sach lién thudc dugc xay dung theo kiéu reverse star: Mi dinh u cho tuong

ung v&i mot danh sach cac cung di vao u. Cac danh sach nay dugc cho bdi hai

mang head|[1...n] va link[1 ... 2m] trong do:

e head[u] 1a chi sé cung dau tién trong danh sach lién thudc cac cung di vao u,
truong hop dinh u khéng con cung di vao, head[u] duoc gan bang 0.

e link[i] 14 chi s6 cung ké tiép cung a; trong ciing danh sach lién thudc chtra
cung a;, trudng hop a; 13 cung cudi cing trong mot danh sach lién thudc,
link[i] duoc gan bang 0.
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Dé thuc hién thao tic xo4 canh, ta duy tri mot mang danh diu deleted[1 ...m]

trong d6 deleted[i] = True néu canh v6 hudng thir i di bi xoa. Mdi khi canh vo

huéng bi xo4, ca hai cung c6 hudng twong tmg déu khong con ton tai, viéc kiém

tra mot cung c6 huéng a; con ton tai hay khong co thé thuc hién bang viéc kiém

tra: deleted|a;. edge] z False.

Chung ta s& cai dat cac thao tac sau trén cau tric dir lidu:

e Ham Get: Tra vé phan tir nAm & dinh ngan xép.

e Ham Pop: Tra vé phan tir ndm & dinh ngin xép va rat phan tir d6 khoi ngin
xép.

e Thu tuc Push(v): Pay mot dinh v vao ngin xép.

Tat ca cac thao tac trén trén ngan xép co thé cai dit dé thuc hién trong thoi gian

0(1). Thuét toan tim chu trinh Euler c6 thé viét cu thé hon:

Stack := (1); //Khdi tao ngdn xép chi chtta mét dinh
repeat
u := Get; //Poc dinh u tu ngdn xép
i := head[ul; //Xét cung a[i] dung diu danh sach lién thudc

cédc cung di vao u
while (i > 0) and (deleted[a[i].edge]) do //cung a[i] tng
véi canh vé hudéng da& xoa
i := link[i]; //Dich sang cung ké tiép
head[u] := i; //Nhing cung da duyé&t qua bi loai ngay, cap
nhat lai chi s6 didu danh sach lién thudc
if i > 0 then //u cén cung di vao ung vdi canh vd hudng
chua xoa
begin
Push (a|

il.x); //Pdy dinh nbi téi u vao ngdn xép (di
ngugoc cung ali
[
a

)

Deleted i].edge] := True; //Xo& ngay canh vé hudng
]

]
]
al
ung vdi cung ali
end
else
Output <« Pop;

until Top = 0; //L&p t&i khi ngdn xép réng

Xét vong lip repeat...until, mdi budc lip c6 mot thao tac Push hoic Pop duoc
thuc hién. Mdi 1an thao tac Push duge thuc hién phai c6 mot canh vd hudng bi
x04 va ngin xép c6 thém mot dinh. Mdi 1an thao tic Pop duogc thuc hién thi ngan
xép bi bot di mot dinh. Vi thuat toan in ra m + 1 dinh trén chu trinh Euler nén s€
phai ¢o téng cong m + 1 thao tac Pop. Trudc khi vao vong lap ngin xép c6 mot
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dinh va khi vong lap két thac ngan xép tré thanh rdng, suy ra sb thao tic Push
phai 1a m. Tir 46, vong lap repeat...until thuc hién 2m + 1 lan.

Tiép theo ta danh gia s6 thao tac duyét danh sach lién thudc cua dinh u. Boi sau
vong lap while co 1énh cap nhat head[u] := i nén co thé thay rang lénh gan
i == link[i] duoc thuc hién bao nhiéu lan thi danh sach lién thudc ciia u bi giam
di ding ching d6 cung. Tong sb phan tir ciia cac danh sach lién thudc 1a 2m va
khi thuat toan két thac, cac danh sach lién thudc déu rong. Suy ra tong thoi gian
thuc hién phép duyét danh sach lién thudc (vong lap while) trong toan bo thuat
toan la @(m).

Suy ra thoi gian thuc hién giai thuat 1a ©(m).

EULER.PAS v Tim chu trinh Euler trong da db thi Euler v huéng

{SMODE OBJFPC}
program EulerTour;

const
maxN = 100000;
maxM = 1000000;
type
TArc = record //Céu tric mét cung

x, y: Integer; //Pinh dau va dinh cudi
edge: Integer; //Chisb canh vé hudng tuong ing
end;
var
n, m: Integer;
a: array[l..2 * maxM] of TArc; //Danh sdch cdccung
link: array[l..2 * maxM] of Integer; /ink[i]: Chi sé cung ké tiép afi]
trong cung danh sach lién thudc

head: array[l..maxN] of Integer; //headu]:chisd cung déu tién trong
danh sach cdc cung divao u

deleted: array[l..maxM] of Boolean; //Pdnhdau canh vd huéng bi xoé
hay chua

Stack: arrayl[l..maxM + 1] of Integer; Ammdnxép
Top: Integer; //Phén ti dinh ngdn xép
procedure Enter; //Nhap di¥liéu va xay dwng danh sach lién thudc
var
i, j, u, v: Integer;
begin
ReadLn (n, m);
J o= 2 * m;
for i := 1 to m do
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begin
ReadLn (u, v); //Poc métcanh vd hwdng, thém 2 cung c6 huwdng tuong ting

ali]l.x = u; alil.y := v; al[i].edge := 1i;
aljl.x = v; aljl.y := u; al[j]l.edge := i;
Dec (3);

end;

FillChar (head[1l], n * SizeOf (head[1l]), 0); //Khditao cac danh
sach lién thudc rong
for i := 2 * m downto 1 do
with a[i] do //Duyéttirng cung (x, y)
begin //Pwa cung do vao danh sach lién thudc cac cung di vao y

link[i] := headly];
head[y] := 1i;
end;

FillChar (deleted[1], n * SizeOf (deleted[1l]), False); //Cdc
canh v6 huéng déu chua xoé

end;
procedure FindEulerTour;
var
u, 1: Integer;
begin
Top := 1; Stack[1l] := 1; //Khéitao ngdn xép chira dinh 1
repeat
u := Stack[Topl; //Poc phén ti & dinh ngén xép
i := head[u]; //Cung afi] dang dirng déu danh séch lién thudc
while (i > 0) and (deleted[a[i].edge]) do

i := link[1i]1; //Dich chisé idoc danh sach lién thuéc dé tim cung tng voi
canh v6 hwong chwa xoa

head[ul] := 1; //Cap nhétlai head[u], "nhdy" qua cac cung trng véi canh vé
huwéng da xoa

if 1 > 0 then //ucodn cung divao tng voi canh vé hudng chwa xoa

begin
) Inc(Top); Stack[Top] := alil.x; //Bi nguroc cung afi], ¢y dinh
noi téi u vao ngan xép
Deleted[a[i] .edge] := True; //Xodcanh vb hudng twong tmg voi afi]
end

else //ukhbng con cung divao
begin
Write(u, ' '); //Inrautrénchu trinh Euler
Dec (Top) ; //L&y u khéi ngan xép
end;
until Top = 0; //Lap t6ikhi ngdn xép réng
Writeln;
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end;
begin
Enter;
FindEulerTour;
end.

d) Vai nhan xét

Bang viéc quan sat hoat dong cua ngin xép, chiing ta co thé stra mo hinh cai dat
ctia thuat toan nhdm tin dung chinh ngin xép cta chuong trinh con dé quy chu
khong can cai dit cdu tric dit liéu ngan xép dé chira cac dinh:

procedure Visit (u: Integer);
var

i: Integer;
begin

i := headl[u];

while i # 0 do

begin //Xét cung afi] divao u
if not deleted[a[i].edge] then /Canh vé hwong twong irng chwa bi xod

begin
deleted[a[i] .edge] := True; /Xod canh vo huong twong irng
Visit (a[il.x); /#/Bingwoc chiéu cung afi] thiam dinh noi téi u
end;
end;

Ooutput < u; /Tiru khéng thé di ngwoc chiéu cung nao nita, in ra u trén chu trinh Euler
end;
begin

«Nhdp db thi va xay dung danh sach 1lién thudcx»;

Visit (1) ; //Khoidpng thudt todin tim chu trinh Euler
end.

Cach cai dat nay kha don gian vi thao tac trén ngéan Xép duoc thuc hién tu nhién
qua co ché goi va thoat thu tuc dé quy. Tuy nhién can chu y rang d6 sau cia day
chuyén dé quy co thé 1én téi m + 1 cép nén véi mot sb cong cu lap trinh can dat
lai dung lugng bd nhd Stack'.

Chung ta c6 thé 1ién hé thuat toan nay véi thuat toan tim kiém theo chiéu sau: Tur
mo6 hinh DFS, néu thay vi di tham dinh ching ta di tham canh (mét canh c6 thé di
tiép sang canh chung dau mut véi nd). Pong thoi ta danh diu canh di qua/chua

! Trong Free Pascal 32 bit, dung lugng b6 nhé Stack danh cho bién dia phuong va tham s chwong trinh con
mic dinh 14 64 KiB. C6 thé dat lai bang dan hudng bién dich {$M...}

209



qua thay cho co ché danh ddu mot dinh d3 tham/chua tham. Khi d6 thit tu duyét
xong (finish) ctiia cac canh cho ta mét chu trinh Euler.

Thuat toan khong c6 gi sai néu ta xay dung danh sach lién thudc kiéu forward star

thay vi kiéu reverse star. Tuy nhién ta chon kiéu reverse star boi cach biéu dién

nay thich hgp dé tim chu trinh Euler trén ca d thi vo huéng va co hudng.

Ngudi ta con co thuat toan Fleury (1883) dé tim chu trinh Euler bang tay: Bit dau

tir mot dinh, chung ta di thoai mai theo cac canh theo nguyén tic: x04 bo cc canh

di qua va chi di qua cau khi khong con cach nao khac dé chon. Khi khong thé di

tiép duoc nita thi duong di tim duoc chinh 14 chu trinh Euler.

Béng cach “lam dung thuat ngt”, ta cé thé mé ta duoc thuat toan tim Fleury cho

ca d6 thi Euler c6 hudng ciing nhu v6 hudng:

e Dudi day néu ta noi canh (u, v) thi hiéu la canh (u,v) trén d thi v hudng,
hiéu 1a cung (u, v) trén dd thi c6 hudng.

e Ta goi canh (u, v) 1a “mot di khong tré lai” néu nhu tir u di t6i v, sau d6 xoa
canh nay di thi khong c6 cach nao tir v quay lai u.

Thuat toan Fleury tim chu trinh Euler: Xuat phat tir mot dinh, ta di mot cach tuy y

theo cac canh tuan theo hai nguyén tdc: Xoa bo canh vira di qua va chi chon canh

“mot di khong tré lai” néu nhu khong con canh nao khac dé chon.

Thuat toan Fleury la mdt thuat toan thich hop cho vi¢c tim chu trinh Euler béng

tay (v6i nhitng d6 thi v& ra duoc trén mit phing thi viéc kiém tra ciu bang mat

thuong 1a twong d6i d& dang). Tuy vay khi cai dat thuat toan trén may tinh thi

thuat toan nay té ra khong hi¢u qua.

6.2. D6 thi Hamilton

a) Bai todan

Khéi niém vé duong di va chu trinh Hamilton dugc dua ra boi William Rowan
Hamilton (1856) khi 6ng thiét ké mot tro choi trén khdi da dién 20 dinh, 30 canh,
12 mat, mdi mat 1a mot ngll gidc déu va nguoi choi can chon céc canh dé thanh
1ap mot duong di qua 5 dinh cho trude (Hinh 5-30).

Db thi G = (V,E) duoc goi 13 do thi Hamilton (Hamiltonian graph) néu ton tai
chu trinh don di qua tat ca cac dinh. Chu trinh don di qua tit ca cac dinh duoc goi
1a chu trinh Hamilton (Hamiltonian Circuit/Hamiltonian Circle). Pé thuén tién,
nguoi ta quy udc rang do thi chi gdm 1 dinh 1a d6 thi Hamilton, nhung d6 thi gdm
2 dinh lién thong khong phai 4 db thi Hamilton.



w

Hinh 5-30
Db thi G = (V,E) duoc goi 1a do thi mira Hamilton (traceable graph) néu ton tai
duong di don qua tit ca cac dinh. Puong di don di qua tit ca cac dinh duogc goi 1a
dwong di Hamilton (Hamiltonian Path).

Ovﬂ )—) O—C©—C
o] X
()—) O—C ()—()—)
G, G, Gs
Hinh 5-31
Trong Hinh 5-31, Do thi G, ¢6 chu trinh Hamilton (a, b, c,d, e, a). G, khong cod

chu trinh Hamilton nhung c¢6 duong di Hamilton (a, b, ¢, d). G; khong cé ca chu
trinh Hamilton 1an duong di Hamilton.

b) Cac dinh li lién quan

Tu dinh nghia ta suy ra dugc dd thi duong cua dd thi Euler 1a mot do thi

Hamilton. Ngoai ra nhiing dinh 1i sau ddy cho chung ta vai cdch nhan biét do thi

Hamilton.

DPinh li 5-20
D6 thi vé hieong G, trong dé ton tai k dinh sao cho néu xod di k dinh nay
cung voi nhitng canh lién thuoc cua chung thi dé thi nhdn dwoc sé ¢é
nhiéu hon k thanh phan lién thong thi khang dinh la G khong phai do thi
Hamilton
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li 5-21 (Dinh Ii Dirak, 1952)

Xét don do thi vé heéng G = (V,E) c6 n = 3 dinh. Néu moi dinh déu c6
bdc khéng nhé hon n/2 thi G la do thi Hamilton.

li 5-22 (Pinh li Ghouila-Houiri, 1960)

Xét don @6 thi c6 hwdng lién théng manh G = (V,E) ¢6 n dinh. Néu trén
phién ban vé huéng cia G, moi dinh déu cé bdc khéng nhé hon n thi G la
do thi Hamilton.

li 5-23 (Pinh li Ore, 1960)

Xét don do thi vé huéng G = (V,E) ¢é n >3 dinh. Véi moi cdp dinh
khéng ké nhau cé tong bic = n thi G la do thi Hamilton.

li 5-24 (Dinh Ii Meynie, 1973)

Xét don do thi c6 hedng lién théng manh G = (V,E) ¢é n dinh. Néu trén
phién ban vé hudng ciia G, véi moi cdp dinh khéng ké nhau cé tong bdc
> 2n — 1 thi G la do thi Hamilton.

i 5-25 (Dinh Ii Bondy-Chvital, 1972)

Xét do thi vé huéng G = (V,E) ¢6 n dinh, véi méi cdp dinh khéng ké
nhau u, v ma deg(u) + deg(v) = n ta thém mét canh néi u va v, cir lam
nhuw vay cho toi khi khong thém dwoc canh nao nita ta thu dwoc dé thi méi
ki hiéu cl(G). Khi d6 G la d6 thi Hamilton néu va chi néu cl(G) la do thi
Hamilton.

Néu d6 thi G thoa mén diéu kién cta Pinh Ii 5-21 hodc Dinh li 5-23thi cl(G) la
d6 thi day du, khi d6 cl(G) chédc chin c6 chu trinh Hamilton. Nhu véy dinh 1i
Bondy-Chvatal 1a m¢ rdng cua dinh i Dirak va dinh 1i Ore.

¢) Cai dat

Mic du chu trinh Hamilton va chu trinh Euler ¢6 tinh d6i ngau, ngudi ta van chua
tim ra phuong phap voi d6 phuc tap da thic dé tim chu trinh Hamilton ciing nhu
duong di Hamilton trong truong hop dd thi tong quat. Tat ca cac thuat toan tim
chu trinh Hamilton hién nay déu dya trén md hinh duyét, co thé két hop véi mét
s6 meo cai dit (heuristics).

Chung ta s& 1ap trinh tim mot chu trinh Hamilton (néu c6) trén mot don dd thi vo
hudéng v6i khudn dang Input/Output nhu sau:

Input

e Dong 1 chira s dinh n va s canh m ciia don db thi (2 < n < 1000)

(\9]
(\9]



e m dong tiép theo, mdi dong chira hai sé u, v twong tmg véi mot canh (u, v)
cua do thi
Output

Mbt chu trinh Hamilton néu ¢

i g 123541 ‘t’{"“’
e
2 H—
34

35

4 5

Tim chu trinh Hamilton trén @b thi v huéng

{SMODE OBJFPC}
program HamiltonCycle;
const
maxN = 1000;
var
a: array[l..maxN, 1..maxN] of Boolean; Aﬂﬂlﬂﬁnké
avail: array[2..maxN] of Boolean;
x: array[l..maxN] of Integer;
Found: Boolean;
n: Integer;
procedure Enter; //Nhdp dir liéu va khoi tao
var
m, i, u, v: Integer;
begin
FillChar(a, SizeOf(a), False);
ReadLn (n, m);

for i := 1 to m do
begin
Read (u, v);
alu, v] := True;
alv, u] := True;
end;
FillChar (avail, SizeOf(avail), True); /Moi dinh 2..n déu chua di
qua
Found := False; //Found = False: Chwa tim ra nghiém
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procedure Attempt (i: Integer); //Thudttodn quay lui
var
v: Integer;

begin
for v := 2 to n do
if avail[v] and a[x[i - 1], v] then Aﬁ%tcdchhvc%uucﬁquaké
voi x[i- 1]
begin
x[1] := v; //Thidisangv
if i = n then //Néudaqua diin dinh, dén dinh thir n
begin
if alv, 1] then Found := True; /Binh thirn quay vé dwoc

1 thi tim ra nghiém
Exit; //Thoat luén

end
else //Qua chua du n dinh
begin
avail[v] := False; ﬂBdnhdduthdﬁqua

Attempt (i + 1); /Pitiép
if Found then Exit; /Néudd tim ra nghiém thi thodt ngay
avail[v] := True;
end;
end;
end;
procedure PrintResult; /In kétqua
var
i: Integer;
begin
if not Found then
WriteLn ('There is no Hamilton cycle')
else
begin
for i := 1 to n do
Write(x[1], ' ")
WriteLn (1) ;
end;
end;
begin
Enter;
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Attempt (2) ;
PrintResult;
end.

6.3. Hai bai toan ndi tiéng *

a) Bai toan nguwoi dwa thw Trung Hoa

Bai toan nguoi dua thu Trung Hoa (Chinese Postman) duoc phat biéu dau tién
dué6i dang tim hanh trinh t6i vu cho nguoi dwa thu: Anh ta phai di qua tit ca cac
quing dudng dé chuyén phat thu tin va mong mudn tim hanh trinh ngin nhat dé di
hét cac quing duong trong khu virc ma anh ta phu trach. Chiing ta c6 thé phat biéu
trén mo hinh dd thi nhu sau:

Bai toan: Cho db thi G = (V,E), mdi canh e € E c6 d6 dai (trong sd) c(e). Hiy
tim mot chu trinh di qua tat ca cac canh, mdi canh it nhat mot l1an sao cho téng do
dai cac canh di qua 12 nho nhat.

Di nhién néu G 1a @6 thi Euler thi 1i giai chinh 1a chu trinh Euler, nhung néu G
khong phai do thi Euler thi sao?. Nguoi ta da c6 thuat toan vdi do phic tap da
thire dé giai bai toan nguoi dwa thu Trung Hoa néu G 13 d6 thi vo hudng hodc cd
huéng. Mot trong nhitng thuat toan do 1a két hop thuat toan tim chu trinh Euler
vo1 mot thuat todn tim bo ghép cuc dai trén dd thi. Tuy nhién néu G 1a d6 thi hon
hop (c6 ca cung c6 hudng va canh vo hudng) thi bai todn nguoi dua thu Trung
Hoa 12 bai toan NP-ddy du, trong truong hop ndy, viéc chi ra mot thudt toan da
thirc ciing nhu viéc chting minh khong ton tai thuat toan da thirc dé giai quyét hién
van dang 1a thach thirc ciia nganh khoa hoc may tinh.

That dang tiéc, so dd giao thong cta hau hét cac thanh phd trén thé gisi déu &
dang db thi hdn hop (c6 ca duong hai chiéu va dudng mot chidu) va nhu vay chua
thé c6 mot thuat toan da thirc tdi wu danh cho cic nhan vién buu chinh.

b) Bai toan nguwoi du lich

Bai toan ngudi du lich (Travelling Salesman) dit ra 1a ¢6 n thanh phé va chi phi di
chuyén giita hai thanh phd bat ki trong n thanh phd d6. Mot ngudi mubn di du
lich qua tt ca cac thanh phd, mdi thanh phd it nhat mot 1an va quay vé thanh ph
xuat phat, sao cho tong chi phi di chuyén 1a nho nhit c6 thé. Ching ta c6 thé phat
biéu bai toan nay trén mo hinh do thi nhu sau:

Bai toan: Cho db thi G = (V,E), mdi canh e € E c6 do dai (trong sd) c(e). Hay
tim mot chu trinh di qua tat ca cac dinh, mdi dinh it nhat mot 1an sao cho té)ng do
dai cac canh di qua 1a nho nhét.



Thuec ra yéu cau di qua mdi dinh it nhat mot 1an hay di qua mdi dinh ding mot lan
déu khé nhu nhau ca. Bai toan ngudi du lich 1a NP-day du, hién tai chua c6 thuat
toan da thic dé giai quyét, chi c6 mot sd thuat toan xdp xi hodc phuong phap
duyét nhanh can ma thaoi.

Bai tap

5.22. Trén mit phang cho n
hinh chit nhat c6 cac
canh song song vdi cac
truc toa do. Hay chi ra
mot chu trinh:

5.23.

5.24.

phan d¢ dai n vao céc hinh quat, moi xau vao
mot hinh quat sao cho bat ctr hai xau nao ¢ hai

Chi di trén canh
cua cac hinh chir
nhéit

Trén canh ciia mdi
hinh chr nhat,
ngoai tror nhiing
giao diém  véi
canh cua hinh chir
nhat khac c6 thé
qua nhidu lan,
nhimg diém con
lai chi duoc qua
dung mot lan.

®

)

©

©
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Trong dam cudi ciia Persée va Andromeéde c6 2n hiép si. Mdi hiép si c6
khong qua n — 1 ké thu. Hiy gitp Cassiopé, me cia Androméde xép 2n
hiép si ngdi quanh mot ban tron sao cho khong c6 hiép si nao phai ngdi canh
ké tht cia minh. Mdi hiép si s& cho biét nhimng ké thii cia minh khi ho dén
sin rong.
Gray code: Mot hinh tron dugc chia thanh 2n
hinh quat ddng tim. Hiy xép tat ca cac xau nhi

101

100

000

001

hinh quat canh nhau déu chi khac nhau dung 1 \ 111
bit. Vidu voin = 3:

216

110

011

010



5.25. Bai toan ma di tuan: Trén ban co téng quat kich
thuéc m X n 6 vuong (5 < m,n < 1000). Mot
quan ma dang ¢ 6 (x5, y;) c6 thé di chuyén sang
0 (x2,¥2) néu |x; —x,|.ly1 — y2l =2 (Xem
hinh v¢).

Hay tim hanh trinh ctia quan ma tr 6 xuat phat tir mot 6 tuy chon, di qua tat
ca céc 0 cua ban co, moi 6 ding 1 lan.

Viduvéin=38

15(126|39|58|17|28|37]|50
40(59|16|27|38|51|18|29
25|14 (47 (5257|3049 |36
46|41|60|31|48|53|56(19
13(124|45|62| 1 |20|35|54
4216110(23|32(55[2 |5
9112|6344 7 | 4 |21|34
6443 8 (11(22(33| 6| 3

Huréng dan: Néu coi cac 6 ctia ban co 1a cac dinh
ctia dd thi va cac canh 1a ndi gitta hai dinh tuong
g v&i hai 6 mi giao chén thi d& thdy rang hanh
trinh cia quan mi can tim s& 1a mot duong di
Hamilton. Tuy vay thuat toan duyét thuan tay 1a
bat kha thi voi dit liéu 16n, ban c6 thé thir cai dat
va ngdi xem may tinh van toat mo hoi ©.

Dé giai quyét bai toan ma di tuan, c6 mot meo nhod
dugc Warnsdorff dua ra cach ddy gan 2 thé ki (1823). Meo nay khong chi
ap dung duoc vao bai toan ma di tudn ma con co thé két hop vao thuat toan
duyét dé tim duong di Hamilton trén d6 thi bat ki néu biét chic duong di d6
ton tai (duyét tham phéi hop).

Vé6i mbi 6 (x, y) ta goi bac cua 6 do, deg(x,y), 1a s6 6 ké véi 6 (x,y) chua
dugc tham (k& & ddy theo nghia dinh ké chtr khong phai 1 6 k& canh). Pat
ngau nhién quan ma vao 6 (x,y) nao d6 va ctr di chuyén quan ma sang 6 ké
c6 bac nho nhét. Néu di duoc hét ban co thi xong, néu khong ta dit ngau
nhién quin ma vao mot 6 xuat phat khac va lam lai.

Thuat todn nay da dugc thu nghi¢m va nhan théy rz‘?mg viéc tim ra mot bd
m,n: 5<m,n <1000 dé chuong trinh chay > 10 gidy ciing la mot
chuyén...bét kha thi.
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	Số nguyên tố
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